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The nonlinear development of Gartler vortices in boundary layers over concave sur-
faces is responsible for a strong distortion of the streamvgee velocity pro les in the wall-
normal and spanwise directions. The resulting in ectional velocity pro les are unstable
to unsteady disturbances. These disturbances are called sendary instabilities and can
develop into horseshoe vortices or a sinuous motion of the @tler vortices. These types
of secondary instabilities are known as even (varicose) anddd (sinuous) modes, respec-
tively. In the present study the secondary instability of Geortler ow is investigated using
high-order spatial direct numerical simulation. Multi-fr equency unsteady disturbances
are introduced with the same spanwise wavelength as the Galer vortices, but di erent
spanwise phases. Three di erent spanwise phases are useddhe e ect on the secondary
instability is analyzed. Both, even and odd secondary instdilities are observed, accord-
ing to the relative spanwise position of the unsteady distubances. The growth analysis
for each secondary crossplane instability mode is made ugina temporal Fourier analysis
and the physics is explored with the aid of the visualizationof the ow structures. The
results for simultaneous by exciting both odd and even modeshow that, for the spanwise
wavelength analyzed, the odd modes grow rst and dominate tke transition process.
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1. Introduction

The centrifugal instability mechanism for boundary layers over concave surfaces is
responsible for the development of counter-rotating vorttes, aligned in the streamwise
direction, known as Gertler vortices (Gartler, 1940). Th ese vortices induce mushroom
type structures, in the ow crosscut, resulting in strongly in ectional streamwise veloc-
ity pro les both in the wall-normal and spanwise directions. These velocity pro les are
highly unstable to unsteady disturbances and secondary irgbility may set in. The sec-
ondary instability appears either as an odd or an even mode afund experimentally by
Swearingen & Blackwelder (1987) and by Aihara & Koyama (198].

Swearingen & Blackwelder (1987) show the dominance of the alj sinuous mode and
most of the results are related to that mode. Unlike Swearingn & Blackwelder (1987),
the experimental results from Aihara & Koyama (1981) have catured the development
of horseshoe vortices, characteristic of the even, varicesmode. They show that the
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horseshoe vortices are the result of Kelvin-Helmholtz insability. This instability occurs
because of the in ectional streamwise velocity wall-normé pro le, in the so-called up-
wash region. They present comparisons between the experimtl results and simpli ed
inviscid Rayleigh-type instability models. The process bywhich the head of the horseshoe
vortex is formed is clearly described as a result of the integiction between a pair of longi-
tudinal vortices and the transverse Kelvin-Helmholtz vorticity. Aihara & Sonoda (1981)
and Bahri et al. (1999) checked the in uence of the pressure gradient in the econdary
instability of Gertler vortices.

Liu & Domaradzki (1993) used a temporal direct numerical sirrulation to study tran-
sition to turbulence in the presence of Gartler vortices. Their simulations are based on
the most ampli ed mode according to linear stability theory and on the experimental
conditions of Swearingen & Blackwelder (1987). The resultsuggest for the simulated
conditions that the spanwise shear is more important in the tansition process than the
vertical shear as indicated by the high perturbation velocty and kinetic energy balance
of the perturbation energy production. Time series of the spnwise and vertical velocities
show that oscillations start earlier in the region close to he wall with the spanwise os-
cillations starting earlier than vertical oscillations showing the importance of the viscous
e ects close to the wall.

Saric (1994) presented a review of the available knowledgebaut Gertler vortices and
discusses linear and nonlinear results, as well as typicalpproaches and formulations.
He discusses the secondary instability mechanisms found b$wearingen & Blackwelder
(1986) as well as other studies that followed such as by Sabret al. (1989); Hall &
Horseman (1991); Yu & Liu (1991, 1994). These studies corrate well with the experi-
mental results presented by Swearingen & Blackwelder (1997and the main conclusion is
that in ection points in the spanwise and wall-normal streamwise velocity distributions
are associated to the sinuous and varicose secondary instiity modes, respectively. For
the varicose mode the amplitude peak is located at the top of he mushroom structure,
centered with respect to the upwash region. On the other handfor the sinuous mode
the secondary instability amplitude peak is located on the &ges of the mushroom. The
sinuous mode is identi ed as the fastest growing mode by thes studies.

Recently Girgis & Liu (2006) studied the nonlinear developnent of the sinuous mode
and discussed the e ect of Gertler vortices and the resulthg secondary instability on the
mixing in a shear layer. Their results con rm previous resuls regarding the relationship
between the varicose mode and the streamwise velocity graglits in the wall-normal
direction, while the sinuous mode correlates well with the panwise gradients of the
streamwise velocity.

Bottaro & Klingmann (1996) studied secondary instability of Gertler vortices using a
linear model based on a Floquet-type analysis. They consided the experimental con-
ditions of Swearingen & Blackwelder (1987), leading initidly to a sinuous secondary
instability independent of the spanwise wavenumber. Further downstream several modes
became unstable and for large spanwise wavenumbers the vadse mode dominated. The
characteristic frequency is correlated to the spanwise sle since the sinuous mode is
always destabilized rst. The varicose mode becomes impognt only downstream. The
streamwise wavelength is also related to the spanwise sheand the correlation found
is almost independent of the spanwise wavelength. They alsmvestigated the e ect of
Reynolds number and boundary layer growth concluding that the secondary instability is
mainly inviscid and the ow may be considered parallel, consstent with the large growth
rate found for the secondary instability modes.

Li & Malik (1995) also used the experiment of Swearingen & Blakwelder (1987) to
analyze the stability of the Gartler ow. They performed a | ocal inviscid secondary
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stability analysis for the pro le found at x = 95 cm. In their experiment, by considering
three wavelength values, @, 1.8 and 36 cm, they studied wavelength in uence on the
secondary instability. They show plots for the most unstable varicose mode eigenfunction
u as well as the second most unstable varicose mode eigenfuiwet u. The isolines of the
streamwise velocity component are also shown. One can obserthat the position of the
eigenfunction u is strongly correlated with the in ection point in the veloc ity pro le.
Their results for the growth rates of the odd and even modes sbw that initially the odd,
sinuous mode, dominates, but further downstream, the evenyaricose mode, becomes
stronger. The results show that the larger the spanwise wavength the faster the even
mode becomes dominant over the odd mode. The Aihara & Koyamal(981) experiment
had a spanwise wavelength of # cm. According to Li & Malik (1995), the results obtained
by Aihara & Koyama (1981), where both modes were found in the gperiments, could be
explained by the initial dominance by the sinuous mode folleved by a higher growth rate
of the varicose mode further downstream. In such case, an itial sinuous mode ends up
developing horseshoe vortices which are typical of the vacbse mode. Li & Malik (1995)
concluded that the even mode grows stronger for large wavehgths while the odd mode
is stronger for the short wavelengths. This conclusion wasan rmed by Bottaro & Zebib
(1997), who veri ed that the initial growth of the sinuous mo de could be dominated
by the even mode if the wavenumber is large enough. The highesdd-mode growth for
shorter wavelengths is plausible since, with decreasing sging of the vortex pairs the
spanwise shear increases.

A number of features found in the secondary instability of Gartler vortices are also
found in other instability scenarios when streamwise stre&s and longitudinal vortices are
present. Andersonet al. (2001) studied the breakdown of boundary layer streaks overat-
plates. Direct numerical simulations and linear Floquet expansion are used to investigate
inviscid temporal secondary instability leading to transition to turbulence. They show
that the most unstable disturbance is of the sinuous type andthat the streamwise streak
amplitude controls whether subharmonic or fundamental sinious mode will prevail. One
interesting result is the identi cation of the correlation between the position of the critical
layer on the mean eld distorted by the longitudinal streaks and the position of strong
uctuation in the secondary instability r.m.s. velocity ( gures 9 and 10 in their paper).
Temporal growth rates for both fundamental and sinuous mods increase with increasing
primary disturbance amplitude and are weakly dispersive. The results also show that
detuned modes have ampli cation rates not to far from the amgi cation rates of the
fundamental mode, and in some cases even higher. We note howee that, for the case
of co-rotating vortices, spatial direct numerical simulations by Wassermann & Kloker
(2005) and additionally two-dimensional eigenvalue analgis by Bon gli & Kloker (2007)
clearly indicate that detuned modes do not play a leading roé and do not have growth
rates larger than the fundamental one. The local gradients matter, and detuned modes
just lead to an imperfect synchronization of disturbance ativity at neighboring vortices
(vortex pairs).

The evolution of streamwise streaks in at plate boundary layers was also studied
by Brandt & Henningson (2002). They present results for the breakdown to turbulence
resulting from sinuous instability and show structures that overlap in the streamwise
direction. Some similarity exists between the instability of streaks on a at plate boundary
layer and secondary instability of Gertler vortices. In both cases the region close to the
wall become more and more turbulent faster than the outer regpn, which maintain the
spanwise periodicity further downstream. The structure present in their study is very
consistent with the experimental results presented by Asaiet al. (2002) that reveals
the usual pattern of varicose mode leading to horseshoe vades or hairpin vortices and
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sinuous mode leading to the typical meandering motion. The hree dimensional structures
are somewhat similar to the structures obtained in the presat investigation.

The measurements by Mitsudharmadiet al. (2004) reveal the same features found in
other experimental and numerical works. Their text is not clear with regard to the dis-
tinction between the horseshoe vortices typical of the eversecondary instability and the
development of the Gartler mushroom structure. Nevertheless, weaker meandering mo-
tions are observed in the velocity contours given in their gure 5, indicating the existence
of the odd, sinuous secondary instability. The authors arge in favor of the development
of horseshoe type vortices initially, prior to the developrrent of sinuous motion, but such
horseshoe vortices are not clearly seen in their results. Bts of turbulent intensity show
the characteristic distribution of high intensity disturb ances on both sides of the mush-
room structure, consistent with the development of the odd nmode. Secondary peaks near
the wall are also observed downstream, con rming results otained by other authors, and
are related to viscous e ects. In a second paper Mitsudharmdi et al. (2005a) present
experimental results for the development of Gertler vortex secondary instability. The
primary instability longitudinal vortices had a wavelengt h forced by the experimental
setup. In contrast to previous experiments, secondary insbility analysis and computa-
tional results, they found that the rst secondary instabil ity was of varicose type followed
by sinuous motion further downstream prior to breakdown.

In a later paper, by varying the spanwise spacing of the verial wires, Mitsudharmadi
et al. (200%0) observed the splitting and merging of the resulting longitudinal Gertler
vortices. A spanwise wavelength twice that of the most unstéle Gaertler vortices (accord-
ing to linear theory) resulted in vortex splitting, while a w avelength half that of the most
unstable Gertler mode resulted in merging. The merging semed to be associated with
an early sinuous meandering motion prior to breakdown, ratter than with the spanwise
spacing. This sinuous motion characteristic of secondarynistability was already evident
at x = 805 mm and stronger at x = 905 mm, where the merging takes place. It is also
rather curious that the merging only took place at the edges 6the region with vertical
wires used to set the vortices wavelength. That suggests thaasymmetric lateral e ects
may be acting on the last 2 or 3 wires on each side. This latera¢ ect would not a ect so
much the large wavenumber case, which resulted in longitudial vortices that are more
independent of one another. The merging may be due to Eckhaumstability or asym-
metric e ects on the edges of the region containing vortices Furthermore, they argue
that the splitting may be associated with subharmonic and fundamental wavelength of
secondary instability with respect to the Gertler vortex s pacing found analytically by
Li & Malik (1995). The merging was explained as the evolutionto a state where the
dominant wavelength is observed. But it is only noticed at the edges and not in the mid
region.

Konishi & Asai (2004) studied the development of the sinuousand varicose modes
by exciting fundamental and subharmonic modes. Both fundanental and subharmonic
varicose modes were found to be much weaker than the sinuousade. In a recent paper
Brandt (2007) performed numerical experiments to investigate the instability of longi-
tudinal streaks and the resulting generation of coherent stuctures. His work reproduces
numerically the experimental work of Asai et al. (2002) and con rms that, as in Gaertler
vortices, two secondary instability modes are found, an oddsinuous) mode and an even
(varicose) mode. His results show that the odd mode may takereergy from the shear in
the wall-normal direction, contrary to the model presented so far relating the odd mode
to the spanwise shear. They present a detailed analysis of hresulting vortical structure
that evolves prior to breakdown.

In the present work the secondary stability of the Gartler ow is analyzed by means
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of spatial direct numerical simulation. Steady disturbances are introduced in a region
near the in ow, causing the birth of Gertler vortices. The ow parameters adopted for
this investigation are the same as used in the experiments bwearingen & Blackwelder
(1987), with a spanwise wavelength of 18 mm. Unsteady multfrequency disturbances
are introduced in the ow eld in a region where the vortices are nonlinearly large.
Secondary instability of the even (varicose) and odd (sinuas) types are systematically
investigated depending on the relative spanwise phase beten the vortex pairs and
the unsteady disturbances. The aim of the present work is to ®tract from the numerical
results detailed data of the secondary instability mode in @rtler ow and also to analyze
the ow structures at the early stages of the breakdown initiated by this instability. The
physical and numerical approach is similar to the work of Wasermann & Kloker (2002)
for cross ow vortices.

2. Formulation

In this section the governing equations and the numerical méhodology implemented
are presented. The Navier-Stokes equations written in the w@rticity-velocity formulation
are discretized using high-order nite-di erences schems and spectral approximations
for the spatial derivatives and a fourth order Runge-Kutta scheme for the temporal
discretization.

2.1. Governing Equations

The governing equations are the incompressible, unsteady &Vier-Stokes equations with
constant viscosity. De ning the vorticity as the negative curl of the velocity vector, and
using the fact that both the velocity and the vorticity elds are solenoidal, one can obtain
the following vorticity transport equation in each directi on:

@, @ @+ Go* & _ ir 2py; (2.1)

@t @y @z IR_eh@z Re

@y @ @_ 1 2 .
@ @ @ Re ¥ @2

@, ® @ G @&_ 1

@ @x @y "Reh@x Re i @3
where
a= ke byg (2.4)
8= k,8 by@; (2.5)
e=kyw® ke (2.6)
€= % (2.7)

are the nonlinear terms resulting from convection, vortex sretching and vortex bend-
ing. The variables (g;;w; y; by; B,) are the velocity and vorticity components in the
streamwise, wall-normal and spanwise directions respeately; €is the time. The Laplace
operator is:
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@ @ @
2 - .
r - — 22 + —y + — 22 . (28)
The continuity equation is given by:
@ @ @& _ .
—X+ —y+ —Z—O. (2.9

The above equations are presented in a non-dimensional fornThe reference length is
a plate-characteristic length L and the reference velocity is the free stream velocityJ; .
The Reynolds number is given byRe = U; L=", where ~ is the kinematic viscosity.

The Ggrtler number is given by Go = (k. Re)'™. The terms Go* & =(" Reh) and
Go? %22( Reh) are the leading order curvature terms, whereh =1 key, ke = L=R is
the wall curvature and R is the curvature radius.

Taking the de nition of the vorticity and the mass conservation equation, one can
obtain Poisson-type equations for each velocity component

@Ge Cde_ @ Qe
@3 @I @z @x@y (2.10)
@E @E @E _ @, @x_
@ @y @ @x ez @11
Qe Ge_@, GCe, (2.12)

@ @2 @x @y@z
2.2. Disturbance formulation

A disturbance formulation is adopted in the current study, t hat is the ow variables were
decomposed in a base ow and a perturbation:

f=fy+f: (2.13)
With such formulation, the stability analysis of any base ow (Blasius, Falkner-Skan,
etc.), can be easily performed as the linear and nonlinear tens can be isolated. Some
disadvantages of this formulation are the indirect accessd the instantaneous ow vari-
ables and a higher memory usage due to the larger number of viables.

The variables € = fe;e;w; ey; by;E,g are the total ow variables. The base ow is
considered two-dimensional, therefore onlyuy,; vy and ! ,, are taken into account, where
the index b indicates the base ow.

Introducing equation (2.13) in the equations (2.1) { (2.3) and (2.10) { (2.12) and
subtracting the base ow, the equations for the perturbations result in:

@y @a @b Go* @d 1 , .
@' @ @7 "Ren@r Re' ¥ @19

@y @c @a_ 1 , .
8. 8 95 iy, (2.15)

@, @b @c Go* @d_ 1 , .
@t @x @ Pren@x Re ' * (210
Gu,@u_ @y G@v. (2.17)

@2 @2 @z @x@y
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@i @ @ @x @7 (2-18)

Gw @w_ @y @v .
@i @F" @x @yo: 19

where the nonlinear termsa; b;ce d are:

a=ly(w+v) !y(up+ u); (2.20)
b=(!2 +!1)(up+u) !yw; (2.22)
c=lyw  (Yg + 1 2)(Vo+ V); (2.22)
d=2upu+ u? (2.23)

3. Numerical Method
3.1. Discretization of eld equations

The ow is assumed to be periodic in the spanwise direction. Therefore, the ow eld
can be expanded in Fourier series withK spanwise Fourier modes:

X
f(xy;z;t) = Fe(xy;t)ell «2): (3.1)
k=0
where f = ujviw;! iyt arbieid Fe = U VoW xs v 20 Aks Bis Ci DG
and  is the spanwise wavenumber given by« =2 k= ., and , is the spanwise wave-
length of the fundamental spanwise Fourier mode, and = = 1. Note the Fx may be
fully complex, i.e. non-symmetric three-dimensional distirbance elds can be computed.
Substituting the Fourier transforms (Eq. 3.1) in the vortic ity transport equations (2.14
{2.16) and in the velocity Poisson equations (2.17 { 2.19) yeld the governing equations
in the Fourier space:

Orr o BAort (33)
%, O% . Ba, @9
@Wx 5 _ @y,  QV (3.7)

@% KT Tex ey

2 = 2
wherer 2 = @ﬁ;;+@ﬁ;¢ 2.

The equations (3.2 { 3.7) are solved numerically in the domai shown schematically
in gure 1. The calculations are done on an orthogonal unifom grid, parallel to the
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Figure 1. Solution domain.

wall. The uid enters the computational domain at x = X and exits at the out ow
boundary x = Xmax . Steady disturbances are introduced into the ow eld using spanwise
suction and blowing in a disturbance strip at the wall. This strip is located between x;
and x,. Another disturbance strip, located in the region where the vortices are already
nonlinear, is used to introduce unsteady disturbances. Thee unsteady disturbances are
used to study the secondary instabilities. In the region loated betweenxs; and x4 a
bu er domain technique, from Kloker et al. (1993), is implemented in order to avoid
wave re ections at the out ow boundary. In these simulation s a Blasius boundary layer
is used as the base ow.

The time derivatives in the vorticity transport equations a re discretized with a classical
4™ order Runge-Kutta integration scheme Ferziger & Peric (199). The spatial derivatives
are calculated using a high order compact nite di erence-chemes Souzat al. (2005);
Souza (2003); Lele (1992); Kloker (1998). The/ -Poisson equation { Eq. (3.6) { is solved
using a multigrid Full Approximation Scheme (FAS) Stsben & Trottenberg (1981). A
V-cycle working with 4 grids is implemented. The code adopte is parallelized, using
domain decomposition in the streamwise direction.

3.2. Boundary Conditions

At the wall (y = 0), a no-slip condition is imposed for the streamwise Ux) and the
spanwise (V) velocity components. The wall-normal velocity component at the wall
(W) is speci ed at the suction and blowing strip region betweenx; and x;, where the
disturbances are introduced. Away from the disturbance geprator this velocity compo-
nent is set to zero. The function used for the wall-normal vebcity V; at the disturbance
generator is:

Vi(x; 0;t) = Agsin®() for 116 16 Iy; (3.8)
where = (I I1)=(l2 11)and A; is areal constant chosen to adjust the amplitude of the
steady disturbance. The variablel indicates the grid point location x; in the streamwise
direction, and points |; and |, correspond tox; and x; respectively.

The introduction of the unsteady disturbances, used to stud/ the secondary instabili-
ties, is also at the wall. It consists of introducing a slot atthe wall, x;s 6 X 6 X5, where
Xts and X;s are, respectively, the rst and the last x-position of the unsteady disturbance
strip. The function used for the velocity V is:

Vi(x; 0;t) = f1(X)Az sin(! t) for Xi 6 X6 X;: (3.9
A, is a real constant and can be chosen to adjust the amplitude ofhe unsteady
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disturbances;! ; is the dimensionless frequency. The functiorf 1(x) adopted is a fth-
order function, proposed by Zhang & Fasel (1999). This funcion is used in order to make
sure that, at y = 0, the vertical velocity component, its rst and second derivatives do
not have a discontinuity going in and out of the suction and blowing region.

At the in ow boundary ( X = Xp), the velocity and vorticity components are speci ed
based on the Blasius boundary-layer solution. At the out ow boundary (X = Xmax ), the
second derivatives with respect to the streamwise directin of the velocity and vorticity
components are set to zero. At the upper boundary ¥ = ymax ) the ow is considered
non rotational. This is satis ed by setting all vorticity co mponents and their derivatives
to zero. The wall-normal velocity component at the upper bowndary is settled according
to the condition:

e RELE (3.10)
In addition, at the wall, the condition @¥=@y= 0 is imposed in the solution of the

Uk velocity Poisson equation (Eq. 3.5), to ensure mass conseation. The equations used
for evaluating the vorticity components at the wall are:

@xk 2 — @Yk

@x K T axay MW (3.12)
_@@z;: o T2V (3.12)

A damping zone near the out ow boundary is de ned in which all the disturbances
are gradually damped down to zero, see Klokeet al. (1993). This technique is used to
avoid re ections in the out ow boundary. Meitz & Fasel (2000) adopted a fth-order
polynomial, and the same function is used in the present mode The basic idea is to
multiply the vorticity components by a ramp function f,(x) after each sub-step of the
integration method. Using this technique, the vorticity components are taken as:

k(Gyst) = fa(x) (X y:t); (3.13)

where | (x;y;t) is the disturbance vorticity component that results from t he Runge-
Kutta integration and f(x) is a ramp function that goes smoothly from 1 to 0. The
implemented function is:

fox)=f()=1 6°+154% 103 (3.14)

where = (I I3)=(I4 13)forl3 6 |6 |4. The points I3 and |4 correspond to the positions
X3 and x4 in the streamwise direction, respectively. To ensure goodumerical results and
e ciency a minimum distance between x3 and x4 and betweenx, and the end of the
domain Xxmax had to be studied. In the simulations presented here the zoreehad 30 grid
points in each region.

Another bu er domain, located near the in ow boundary is als o implemented in the
code. As pointed out by Meitz (1996), in simulations involving streamwise vortices, re-
ections due to the vortices at the in ow can contaminate the numerical solution. The
damping function is similar to the one used for the out ow boundary:

fo(x)= f()=6° 154+10 3; (3.15)
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Figure 2. Streamwise development of the disturbance energy of each Farrier mode. Comparison
between present results (solid lines), PSE results (diamonds) Mendorca (2000) and numerical
results from Li & Malik (1995) (full circles). Fourier modes from O to 6.

where is = (I 1)=(I; 1) for the range 16 | 6 I;. All the vorticity components are
multiplied by this function in this region.

3.3. Veri cation and Validation

Tests were performed in order to check the mathematical modeand the numerical im-
plementation. Comparisons of the results obtained with di erent models by Li & Malik
(1995); Mendorra (2000) and experimental results Swearigen & Blackwelder (1987) are
presented.

In all cases the time integration was carried out until a stealy state had been reached.
It had been assured that this state was reached when the time efivative was lower
than 10 . Some studies were carried out in order to check that the redts are grid
independent, i.e. grid re nements in both directions were dne and the results did not
change.

The veri cation test case compares the present spatial diret numerical simulation
results, Parabolized Stability Equations (PSE) results from Mendorca (2000) and nu-
merical results from Li & Malik (1995). The PSE results were dtained with the imple-
mentation described in Mendorca et al. (1997). All the ow conditions were identical
to those in the experimental arrangement of Swearingen & Blakwelder (1987), but the
wavenumber was reduced by a factor of 2. The resulting vorties were closer to the most
ampli ed vortex modes given by the Linear Stability Theory.

Figure 2 shows the streamwise development of the disturbareenergy for each Fourier
mode according to the three numerical models. The disturbane energy is de ned as:

z 1
Ex = JUK? + JVij® + jWij® dy if k>0 (3.16)
0
and z,
Ex = % jUkj? + jWkj? dy for k=0: (3.17)
0

The disturbance energy of the mean ow distortion did not include the wall-normal
velocity component vp. This is to allow comparisons with the PSE model, wherevy does
not go to zero asy ! 1 . The results show very good agreement between the present
results and the two reference results.

In the validation test case the parameters used were those dlfie experiment of Swearin-
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Figure 3. Isovelocity @ from 0.1 to 0.9 in steps of 0.1. Left { results from the current code.
Center { results from Lee & Liu (1992). Right { results from Sw earingen & Blackwelder (1987).
Streamwise position X = 900 mm.
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Figure 4. Same as in gure 3 for streamwise position X = 1000 mm.

gen & Blackwelder (1987). They considered a boundary layer m a concave plate with
R = 3:20 m and free-stream velocityU; = 5 m/s. The numerical domain starts at
Xp = 100 mm downstream the leading edge, which corresponds to adundary-layer
thickness parameter = Xxo=U; =5:477 10 2 cm, a Gertler number Go = 2:38859,
and a Reynolds numberRe = 33124. In the experiment, the average spanwise wavelength
was , = 18 mm, which corresponds to a non-dimensional wavenumberfo = 34:90.
This corresponds to a wavelength parameter for the fundametal Fourier mode, given
by ¢ =(Uy ,=)( .=R)¥?, of ¢ = 450. The reference length used i = 10 cm.
The number of grid points used was 321 and 281 in the streamwésand the wall-normal
directions, respectively. The non-dimensional uniform gid spacing is 400 10 ? and
8:25 10 “in the streamwise and the wall-normal directions, respectiely. The resulting
domain is 11:80 long and 0231 tall. The disturbance-strip location was 16 6 x 6 2:6.
Seven Fourier modes were used in the simulation. Test runs W a smaller grid spacing
and larger number of Fourier modes indicated that the solutbns were grid independent.

Figures 3 and 4 show the contour plots of the streamwise veléty component in the
(y; 2) plane for the streamwise positionX = 900 mm and X = 1000 mm obtained with
the present model, the numerical model of Lee & Liu (1992) andhe experimental mea-
surements by Swearingen & Blackwelder (1987). The three dierent results show similar
structures for the development of the mushroom.

4. Numerical Results

The resulting ow eld with Gartler vortices, as obtained i n the last section for , =18
mm, is used as initial condition in the secondary instability simulations. Figure 5 shows
the streamwise development of theu-velocity amplitudes for Fourier modes from 0 to 20.
It can be observed that the vortices start to saturate at x ~ 8:00. The vortices change
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Figure 6. Cross stream (z; y) plane derivative isocontours of the streamwise disturban ce velocity
in the wall-normal direction @=@yand streamwise Gertler ow & isolines from e = 0:1 to
e = 0:9, at streamwise positions: (a) x = 8:00, (b) x =9:00, (c) x =10:00 and (d) x =11:00.

the ow causing in ections of the & velocity in the wall-normal and spanwise directions.
The deformed ow is unstable to unsteady disturbances, givihg rise to the secondary
instabilities. One way to measure the strength of these in ections in the wall-normal and

spanwise directions is to calculate the derivative ofe in these directions.

Many authors associate the even secondary instability (vaicose ory-mode) to the
derivative of & in the wall-normal direction. Figure 6 presents the contours of this deriva-
tive at four successive streamwise positions ¥ = 8:00; 9:00; 10:00, and 1100. The contour
levels run from -30 to 30 in steps of 5. Higher magnitudes coaspond to darker colors
with continuous lines indicating positive values and dashd lines indicating negative val-
ues. In the same gure thea velocity distribution is shown, with values from 0:1 to 0:9 in
steps of Q1. High values of this derivative concentrate on the top regon of the mushroom
structure, where the in ection of & velocity component in the wall-normal direction is
stronger.

The odd secondary instability (sinuous orz-mode) is associated in the literature to the
derivative of & in the spanwise direction. The values of this derivative wee also calculated
at four streamwise positions:x = 8:00; 9:00; 10:00 and 1100, and the contour plots are
shown in gure 7. The values shown run from 30 to 30 in steps of 5. Higher magnitudes
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Figure 7. Cross stream (z; y) plane derivative isocontours of the streamwise disturban ce velocity
in the spanwise direction @=@ zand streamwise Gertler ow & isolines frome =0:1to 8=0:9,
at streamwise positions: (a) x = 8:00, (b) x =9:00, (c) x =10:00 and (d) x = 11:00.

correspond to darker colors with continuous lines indicatng positive values and dashed
lines indicating negative values. As in gure 6 the & velocity distribution is also shown,

with values varying from 0:1 to 0:9 in steps of Q1. The local extrema concentrate in
four regions, symmetric with respect to the center of the upvash region. Two regions are
localized in the \shoulder" of the mushroom and the other two regions are localized in
the \stem" of the mushroom, close to the center of the upwash egion.

The transition of the saturated steady ow is caused by unsteady disturbances. There-
fore, the steady saturated ow with vortices has been combired with periodically pulsed
low-amplitude disturbances to simulate the natural disturbance background. The peri-
odic background pulse consists of harmonic waves with disete frequencies from 5136
'+ 6 40:208 in steps of 2513. These frequencies correspond to 20 Hz to 320 Hz in steps
of =20 Hz in the experiment of Swearingen & Blackwelder (198 7). The amplitude of
each component is 10 10 °. The periodic background pulse is only given for the spec-
tral component k = 1 since the large-amplitude vortex modes (Qk) generate the other
spectral components at once. The streamwise position chosdor the introduction of the
unsteady disturbances is between ;5056 x 6 7:825. This range was chosen because
the vortices are already large and theu-velocity distribution is in ectional in the wall-
normal and spanwise planes. Therefore the ow is more suscéple to develop secondary
instabilities.

The unsteady disturbances were introduced with the same mouglation in the spanwise
direction of the steady disturbance adopted to generate theGertler vortices { k = 1.
Three con gurations are tested, each considering a di erem spanwise phase between the
vortices and the unsteady disturbance. This technique was sed in the experiment of
Asai et al. (2002) to obtain odd and even secondary instabilities of a nar-wall low-speed
streak. These con gurations are illustrated in gure 8, where the steady disturbance is
shown as continuous line. The unsteady disturbances are sikm as dashed and dotted
lines, showing that they oscillate between the two lines, beause they are standing waves
in spanwise direction. The three con gurations used di er in their spanwise phase relative
to the phase of the vortex disturbance. The con gurations are:

The unsteady disturbances were introduced with the same spawvise modulation and
position of the vortex disturbance { gure 8(a) { Case A;

The unsteady disturbances were introduced with the same modlation, but with a
phase shift in the spanwise direction of 90 degrees to the vtax disturbance { gure 8(b)
{ Case B;

The unsteady disturbances were introduced as the addition bthe two above con g-
urations, giving a nal phase shift in the spanwise direction of 45 degrees of the vortex
disturbance { gure 8(c) { Case C.
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Figure 8. Spanwise distribution of the steady and unsteady disturban ces and the position of
the vortex. Three di erent spanwise distribution of the uns teady disturbances: (a) in phase with
the vortex { Case A; (b) phase shift of 90 degrees with the vort ex { Case B; and (c) phase shift
of 45 degrees with the vortex { Case C.

Case A: Disturbances in phase with the vortices

The amplitude of the imposed disturbance at the wall isA, =1 10 °, see equation 3.9.
Each mode is analyzed according to the downstream developmein the two-dimensional
plane (y; z), since the secondary instability is clearly characterizeé by its two-dimensional
amplitude distribution in this plane. Therefore, the downstream development considers
the maximum amplitude of the u(y;z) prole of each mode rather than the -
spectral content.

Figure 9 shows this analysis for each frequency and also theuoses: (0,0) and!{ =0
(0,0). The curve denoted by (0,0) represents the two-dimensnal mean- ow distortion,
and the curve denoted by! ; = 0 (0,0) represents the three-dimensional part of it. All
unsteady disturbances start to decay in the region close to were they are introduced,
and the receptivity region is not very short. After this regi on, the disturbances of di erent
frequencies start to amplify, in a region dominated by secodary instabilities. After x
11:00, the amplitudes of the unsteady modes saturate. The freqency ! { = 22:617, that
corresponds to 180 Hz in the experiment by Swearingen & Blaakelder (1987), have the
largest growth rate and the frequency!; = 2:513 reaches the largest amplitude of all
unsteady modes. The growth rate of modéd ; = 22:617 in the linear region is 6984, close
to the value obtained by Li & Malik (1995) for the even mode.

The amplitude distributions in the (y,z) plane, normalized by the maximum amplitude
velocity value are show in gurelO at the streamwise positim x = 10:20. Only the
fastest growing frequencies are shown, that id ; = 2:51317:591;20:104 and 22617.
The frequency omega=2.513 has a lower growth rate ak = 10:20, but it was included
because downstream it has the largest amplitude. At this po#ion all unstable modes
have very strong growth rates and the evolution is mostly lirear. The higher values
of the disturbances are concentrated at the top of the mushrom for all modes, with a
distribution that looks like the distribution of the @ =@yn gure 6. The results obtained
here for!; = 22:617 agree with gure 5a from Hall & Horseman (1991) at the upwah
region. Their gure shows the contours of constant U, for themost dangerous even mode.
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Figure 9. Case A: Downstream amplitude development of Gertler vorte x mode plus periodic
background pulses. Frequencies from! { = 2:513 to ! ; = 40:208, in steps of 2513.

But the results presented by Li & Malik (1995) are in better agreement with the results
presented here.

The phase distributions for the secondary disturbances argresented in gure 11 for
the same frequencies presented in gure 10. The isocontoursf normalized unsteady
streamwise velocity disturbance component showed in gurelO are also shown. The
phase distributions are consistent with the development ohorseshoe type structures with
symmetry about the mushroom centerline atz = 0:18. The disturbance corresponding
to frequency! ; = 2:513 does not show a phase change on the (y,z) plane at this pten.
The other frequencies show that the phase on top of the mushmm is opposite to the
phase at the mushroom body. This distribution is consistentwith the development of
vorticity in the z direction on the upper portion of the mushroom connecting two legs of
longitudinal vorticity, forming the horseshoe structure.

The vortical structures in the instantaneous ow are visualized by Q isosurfaces to allow
the identi cation of coherent vortices. Details of this vor tex identi cation technique are
given in Dubief & Delvayre (2000). Figure 12 shows a sequende time of Q isosurfaces
with a value of Q = 0:5. Two spanwise wavelengths are shown and the center of the
gure in the spanwise direction corresponds to an upwash reign. Each gureis t =
T=8 apart from the previous gure giving a complete sequence o one period. In all
gures the Gartler vortices can be seen as four longitudind rolls up to x  10:00. The
horseshoe structures typical of even secondary-mode indidity can be clearly seen. In
gure 12(a) the background disturbances are rst noticed in the region nearx = 10:20.
These disturbances are convected downstream as their amplides grow. In gure 12(b)
two horseshoe vortices can be seen in the region around 10:20. The next two gures
in the sequence show that the horseshoe vortices are convedt downstream and other
horseshoe vortices are formed behind the rst one ( gure 12¢) and gure 12(d)). Figures
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Figure 10. Case A: Isocontours of normalized unsteady streamwise velaity disturbance com-
ponent on top of Gartler ow isolines (Steady solution). Is ocontours from 0.167 to 0.833 with a
0.167 spacing. Frequencied ; of (a) 2.513, (b) 17.591, (c) 20.104, (d) 22.617. Streamwiseposition
X =10:20.

12(e) and (f) show that these structures are convected and dermed downstream. In the
last two gures of the sequence, structures with high frequacies appear, in a region
where the amplitudes of all modes reach saturation.

Case B: Phase shift 0f90 degrees

The same background disturbance pulses imposed in the premiis analysis are used again,
with the same amplitude and at the same streamwise positionput with a phase shift
in the spanwise direction of 90 degrees with respect to the vtices. Figure 13 shows
the downstream amplitude development of each frequency intte two-dimensional plane
(y; z). The decay region is smaller than the decay region in the préious case, and some
frequencies start to grow almost immediately. The saturaton region is also shifted up-
stream, and starts atx  10. In this case, the frequency ; = 15:078, that corresponds to
120 Hz, has the largest growth rate. The growth rate, in the Inear region, in this case is
3:510 and is also in agreement with the analysis of Li & Malik (195) for the odd mode.
The value observed by Swearingen & Blackwelder (1987) for th frequency of the most
dominant secondary instability was 130 Hz. The frequencie$ ; = 2:513 and! ; = 15:078,
have the largest amplitude of all modes in the saturation regpn. All modes reach higher
amplitudes in the saturation region than the amplitudes observed in the previous case.
Modes (0,0), and! { = 0 - (0,0) are a ected by the initial breakdown process. This process
will be better explained with the aid of Q isosurfaces.
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Figure 11. Case A: Isocontours of phase distribution on top of Isocontours of normalized
unsteady streamwise velocity disturbance component. Frequencies! ; of (a) 2.513, (b) 17.591,
(c) 20.104, (d) 22.617. Streamwise positionx = 10:20.

Figure 14 shows isocontours of the velocityu. Since the receptivity region is shorter,
the streamwise position where the disturbances are shown is = 9:40. Four frequencies
are shown:!; = 2:513 10:052 12565 and 15078. The last three frequencies correspond
to the ones with the largest amplitudes at this streamwise paition. The frequency ! ;
= 2.513 is also shown because upstream, in the saturation régn, is has the largest
amplitude, along with ! { = 15:078. The higher amplitude values are concentrated in four
regions, symmetric with respect to the upwash region. Two rgions are localized in the
shoulder of the mushroom and the other two regions are located in the stem of the
mushroom, close to the center of the upwash region. The shapef the isocontours looks
like the distribution of the @=@zas seen in gure 7. The present results obtained for
the isocontours of normalized unsteady streamwise velogjtdisturbance component for
't = 15:078 { gure 14 (d), resembles the result shown in Hall & Horsenan (1991) {
gure 6a. Again, their distribution of u amplitude agrees with the present ones in the
region far from the wall. However, in the region close to the vall their results are di erent
from the ones shown here. The distribution obtained in the pesent study agrees with
the experimental results of Swearingen & Blackwelder (198)7and with numerical results
of Li & Malik (1995) and of Liu & Domaradzki (1993).

The phase distributions for frequencies! ; = 2:513 10:052 12565 and 15078 can be
seen in gure 15. The last three frequencies show a phase shiét z = 0:18. This anti-
symmetric phase with respect to the center of the mushroom igonsistent with a sinuous
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Figure 12. Case A: IsosourfacesQ = 0:5 visualization of vortical structures in the instantaneou s
ow eld. Gartler-vortex-mode plus periodic background p ulses. (a) t/T=0, (b) t/T=1/8, (c)
t/T=2/8, (d) t/T=3/8, (e) t/T=4/8, (f) /T=5/8, (g) t/T=6/8 , (h) YT=7/8. T is the period
for 1 =2:513 (20 Hz). Two spanwise wavelengths are shown.

mode. Foromega = 2:513 there is no phase shift acrosg = 0:18, but this mode has a
low amplitude at this streamwise position.

The vortical structures in the instantaneous ow elds are shown in gure 16, with
a sequence in time of isosurfaces @ = 0:5. A sequence of eight gures is shown that
comprehends one periodl for ! = 2:513. The Gertler vortices can be seen as four
longitudinal rolls until x 9:00. In gure 16(a), in the streamwise position close to
X = 9:00, the vortices are undisturbed. Figure (b), shows very smk disturbances in
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Figure 13. Case B: Same as gure 9 for disturbances with a phase shift of O degrees.

the vortices at this streamwise position. These disturbanes are convected and ampli ed
downstream as seen in gures 16(c) to (f). The structures fomed, in the present case, are
di erent from the previous case, showing a sinusoidal patten, typical of odd secondary
instability. The last two gures of the sequence, 16(g) and (), show that the instabilities
are ampli ed and they distort the vortices. This distortion is more pronounced as these
disturbances are convected downstream, close to  11:00 in all gures. This behavior is
di erent from the last case, where a more regular pattern is dserved even afterx = 11:00.
In gure 13 the behavior of the mode (0,0) and! ; =0 - (0,0) in the streamwise position
X 11:00 is di erent from the previous case. Here the mean ow is stongly modi ed by
the secondary instabilities, destroying the initial pattern earlier.

Case C: Phase shift of45 degrees

In the present case, the disturbances were introduced as a Bu of the two previous
cases, disturbances in phase with the vortices plus disturinces with a phase shift of 90
degrees. Therefore, this case corresponds to the introduchn of the disturbar}ges with a
phase shift of 45 degrees to the vortices and an imposed initi amplitude of 2 10 °
for each Fourier mode. The amplitude growth for each frequeay is shown in gure 17.
The disturbances for di erent frequencies have a small trasient decay region as in the
previous case. This behavior is in agreement with the odd semdary-type instability
mode. Due to the imposition of both in-phase and 90-degreeshase shift disturbances
the odd mode dominates over the even mode in this case. Sabset al. (1989) show that
the sinuous type of disturbance would prevail over the variose one since the growth rate
for the odd instability analysis is larger than for the even mode. In the present study,
it is observed that the odd mode has a smaller growth rate thanthe even mode, but
the ow is unstable earlier to the odd mode, and, in this case @minates the transition
process. These results are in agreement with Li & Malik (199b The dominance of the
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Figure 14. Case B: Same as gure 10, for disturbances with a phase shift & 90 degrees and at
x = 9:40. Frequencies! ; of (a) 2.513, (b) 10.052, (c) 12.565, (d) 15.078.

odd mode over the even mode, in the present case, can also bepkained with the aid of
gure 8. Introducing the disturbances with a phase shift of 90 degrees, the energy of the
unsteady disturbances at the disturbance strip is used all wer in the spanwise direction
to seed the secondary instability, whereas in the in-phasean guration, the energy used
to disturb the Kelvin-Helmholtz instability, to give rise t o even mode, is concentrated
with full amplitude only in the upwash region. The other maxi ma are just outside the
shear layers.

Figure 18 showsu velocity disturbance amplitude at x = 9:40 in a zy plane for ! ; =
2:513 10:052, 12565 and 15078. As in the previous case B, the disturbances are stronger
on the sides of the mushroom away from the wall and on the muslmom stem close to
the wall. This shows the dominance of the odd instability ove even instability when
both disturbances are introduced. The phase distribution & presented in gure 18 where,
as in the previous case there is a phase shift acrogs= 0:18, consistent with the odd
mode. Again, only the most ampli ed disturbances frequences are presented, along with
1+ =2:513, which becomes dominant downstream.

Figure 20 shows the vortical structures in the instantaneos ow elds, with a sequence
in time of isosurfaces of Q with a value of . The structures obtained with this simulation
show no perceptible di erence from Case B, showing that the dd (sinuous) secondary
instability mode dominates the transition process in the present case, due to its higher
e ectiveness of receptivity.
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Figure 15. Case B: Same as gure 11, for disturbances with a phase shift @ 90 degrees and at
x = 9:40. Frequencies! ; of (a) 2.513, (b) 10.052, (c) 12.565, (d) 15.078.

5. Conclusions

In the present work, spatial direct numerical simulation have been used to investigate
secondary instability of steady Gaertler ow. The steady solution adopted is based on the
experiment of Swearingen & Blackwelder (1987), with a spanige wavelength of 18 mm.

The secondary instability was excited by the introduction of low-amplitude unsteady,
time-periodic, disturbance pulses. These pulses were intiduced with di erent spanwise
distribution with respect to the Gartler vortices: in-pha se; phase shift of 90 degrees; and,
phase shift of 45 degrees. The last con guration is the sum othe in-phase and 90-phase-
shift disturbances. The dominating secondary instability mode, odd or even, is found
to be dependent on the spanwise con guration. The in-phase @n guration is found to
excite even modes, whereas the phase shift of 90 degrees iarfd to excite odd modes.
These results shows that odd or even modes can be obtained im@er ow, depending
on how the unsteady disturbances are introduced.

The Fourier analysis in time shows that the isocontours ofu-disturbance amplitude
distribution of the most unstable frequency in (y;z) planes resembles the @ u=@ yor
the even mode and @u=@ for the odd mode, as expected.

The in-phase con guration shows that the frequency of the mat unstable mode is
Iy = 22:617, corresponding to 180 Hz in the experiment by Swearinge& Blackwelder
(1987). The growth rate of this frequency, in the linear regbn, is 6:984. The 90-degrees
phase-shift results show that the frequency of the most unstble mode is! ; = 15:078,
corresponding to 120 Hz. This frequency has a growth rate, ithe linear region, of 3510.
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Figure 16. Case B: Same as gure 12, for disturbances with a phase shift & 90 degrees.

Therefore, the results show that the maximum growth rate of the odd mode is much
smaller than the growth rate of the even mode, for the frequenies introduced.

When disturbances are introduced to excite both odd and eversecondary instabilities,
the con guration with phase shift of 45 degrees, the odd modedominates the transition
process. This behavior is explained by the fact that the odd nede is more e ective in
receptivity than the even mode, even though the growth rate d the even mode is larger
than the growth rate of the odd mode.

For the in-phase con guration the resulting structures are of the horseshoe type, typical
of even secondary instability. For the 90 degrees phase shifthe resulting structures
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Figure 17. Case C: Same as gure 9, for disturbances with a phase shift of45 degrees.

are of the sinuous motion of the Gartler vortices, as expectd for the odd secondary
instability. When both disturbances are introduced simultaneously, the sinuous patter is
observed. The odd mode destroys the vortex pattern earlier tan the even mode in the
con gurations tested.

The rst author (L.F.S) would like to acknowledge the FAPESP and CAPES for the
support. The material presented has been achieved during ane-year stay of L.F.S. at
Institut far Aerodynamik und Gasdynamik, Universiiat St uttgart, hosted by M.J.K..
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