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Abstract Bi-global secondary linear stability theory (B-SLST) igéipd to a lami-
nar Mach 4.8 flat-plate boundary-layer flow altered by digcreughness elements,
roughly 0.5 undisturbed boundary-layer thicknesses higle. steady primary state
gained by DNS with the immersed-boundary technique showsuater-rotating
vortex pair (CVP) generating a low-speed streak in the raegh’ centerline wake.
The resulting wall-normal and spanwise shear promotesnbste instability, in-
creasing the growth rate roughly by a factor of four. Two n®dee obtained: a
symmetricy-mode and an antisymmetriemode. A comparison with an unsteady
DNS, where time-periodic 2-d perturbations are introdugestream of the rough-
ness, shows well matching growth rates and amplitude biigian of they-mode.

1 Introduction

If a flow is dominated by localized structures in its crosseug., by longitudinal
vortices, strong wall-normal and spanwise gradients exigd thus, the (secondary)
instability is localized in the flow crosscut rather than mbarmonic, like it is as-
sumed in classical SLST. An eigenvalue problem with 2-d réigections results,
i.e., we have a bi-global approach (B-SLST). See [7], [4] Hijdor B-SLST ap-
plied to incompressible flows with (crossflow-)vortices.

In high-speed flows laminar-turbulent transition of the hadary layer is often
induced or promoted by discrete 3-d roughness. B-SLST causbkd to identify
instabilities in the wake of roughness elements that is dateid by a longitudinal
CVP and a subsequently developing low-velocity streak. 3&me holds for se-
tups of effusion cooling (see, e.g., [6]). The modifying magisms for disturbance
receptivity and instability caused by 3-d roughness elémare still unclear, de-
pending on their shapes, heights, distance, etc. Rec¢?itlglso started B-SLST
work for the investigation of devices to trip hypersonic laar boundary layers.

2 Bi-global secondary linear stability theory & numerics

The applied B-SLST solver is based on the compressible 3wieN&tokes equa-
tions in primitive variablesgq = [p u va]T, where density, velocity componentsin
directionsx (streamwisey), y (wall-normal,v), z (spanwisew), and temperature are
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splitted into steady primary-state (index 1) and unsteadtupbation (superscripx
d(x,y,zt) = D1(x,y,2) + D'(x,y,z1). A calorically perfect-gas flow with constant
Prandtl number is assumed at this stage. The usual assmsinal requirements
for (primary) linear stability theory are applied. Spetied are:

e B-SLST allowsv; # 0 as long as it does not contribute to boundary-layer growth.
Hence the mean value or, in spectral space, the zeroth madesafero.

e In the modal perturbation ansatg(x,y,zt) = §(y,z) - €@ §(y,z) is the
complex 2-d amplitude distributiom; andw describe the spatial wavenumber in
x-direction and the frequency, respectively.

Thus a linear eigenvalue problem results for the temporar@xh ¢ = a,
w=wr +1i-w), solved using the implicitly restarted Arnoldi method AR) imple-
mented in ARPACK (see [5]). Spatial eigenvalues can be nbthby either Gaster’s
transformation or an iteration of the general solutionge— 0. Eighth-order finite
differences are used for the primary state as well as foréh@igbation. Near bound-
aries iny-direction the order is reduced to four. The primary flow aedyrbation
are assumed to be periodic4nAt the wall the no-slip condition is prescribed. The
temperature perturbation is set to zero. In the freestrdapegurbations are as-
sumed to vanish. More details can be found in [3]. Despiteaﬁwmptiong—x =0,

all variables are taken here directly from the DNS of the piiyrflow.

3 Primary state

A roughness element is placed on an adiabatic flat plate tissnignmersed bound-
ary method (IBM) in the DNS ([3], [8], [9]). Note that the silty results rely on
the primary state, demanding a careful temporal as well@ssgponvergence study
in computing the primary flowfield.

The investigated roughness configuration is a square-bpa gfement in a
cold, supersonic flow wittMa., = 4.8, T, = 55.4 K (Tg = 311 K). Prandtl num-
ber and adiabatic exponent are fixed to 0.71 and 1.4, respbctThe Reynolds
number based on the reference lengthis Re = 10°, thuspL* = 4.87- 10*4$
with ks = 3.49- 1&6'\#5 andu}, = 71615T. The element is placed at= 15.0,
R« = 1225, downstream of the leading edge of the plate with a héigh0.554, of
the unperturbed flow at that position. Fig. 1 and Table 1 sh@setups.
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Fig. 1 Sketch of the inves- z z
tigated roughness settings. Uoo Ueo
Case I: “blunt” box of width
e and spanwise spacirg,
Cases lla/b: “sharp” box.
Tab!e 1 Overvie_w of l_)ox Casd e b s/b h ]
settings for the investigated 1 blunt 225, | 2.5, |3.0]0.555,| 0°
cases. Symbols refer to Fig. 1. lla |sharp 225, |2.2v25,] 2.1|0.555,|45
IIb [small sharpl.1v/28,| 2.28, |3.0]0.556,|45°

Fig. 2 indicates the trailing vortices. Between the inneurtger-rotating vortices
low-momentum fluid is lifted up towards the boundary-layége, forming a low-
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speed streak behind the element. The lift-up of vorticestieamwise direction
additionally increases the shear near the boundary-laggs providing the base for
increased instability. Cases lla/b differ from case | inrspize spacing of the vor-
tices. Theu-amplitude of the velocity streak is shown in Fig. 3. Complat® the
decaying vorticitywy of the CVP in streamwise direction it persists alondhe re-
versal of flow in the near-wake region possibly causing alisar global instability
plays no significant role. Downstream the roughness eletherstreamwise deriva-
tive of theu-velocity is more than one order of magnitude lower than tlesswvise
derivatives, justifying the B-SLST assumptions.

o T T
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Fig. 2 Top view of vortex structures in the wake of the roughnesmel# for case IA; criterion,

A2 = —0.04). Flow is from left to right. The shading indicates thedtiy of the A»-isosurface
above the wall (the lighter the higher). The meshed (blastgurface shows the dimension of the
recirculation zones$u < 0). Thick solid lines show the borders of the roughness elesnent
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Fig. 3 Maximum amplitude
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tion of the flow, streamwise
vorticity ay and u-velocity
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4 Results

The B-SLST analysis is carried out in-f)-crosscut planes at varioxgpositions in
the wake of the roughness element. The spatial growth ra¢estdained applying
Gaster’s transformation according to [4], see also [1]. T@levant instability modes
have been found. Calleg(or even) mode and-(or odd) mode they are related to
the wall-normal or the spanwise gradients in the flowfieldpeztively.

Streamwise analysisAs a first guessr; is chosen corresponding to the most am-
plified 1st-mode instability. The wavelength is aboudt, & Ax < 104, hence we
setayt = 5.0, equivalentlyo; &, = 1.0. Spatial amplification rates; s and corre-
spondingN factors for the most amplifieg- andzmode of the investigated cases
are shown in Fig. 4. The frequency is a result of the theorythod, varies along
(max.Aw = £10%). The maximum amplification rate of both modes is of simi-
lar magnitude for all cases, and reaches roughly four titesrtaximum primary
amplification rate of the flat-plate flow at= 18 (R, = 1341). However, the charac-
teristics ofy- andz-mode differ. While the-mode exhibits high amplification in the
near wake and decays rather quickly in streamwise diredfi@z-mode reaches its
peak amplification further downstream, and high values efgiowth rate seem to
persist downstream, which apparently is consistent \%gtbf the primary state (see
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Fig. 3). Remarkably, theemode of case lIb already shows high amplification in the
near wake. Up tox = 21 the largest integral growth is observed for theode of
cases | and lla (Fig. 4, right). Recall thet= [ a; sdx, andA/Ag = €. Assuming
that the growth rates of themodes persist, their integral growth will exceed yhe
modes already slightly further downstream. We note thaattadysis at streamwise
stations upstream the element did not show notable ampidita
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Fig. 4 Spatial amplification rates over streamwise directigieft) and correspondingyl factors
(right) for the most amplifieg-mode (solid) and-mode (dashed) atpositions indicated by sym-
bols. Wavenumbes, sd, = a8, = 1.0. Case |: squares, case lla: diamonds, case llIb: circles.

0

Eigenfunctions The moduli®’ = |<i>| of the complex eigenfunctions for case |
(Fig. 5) are normalized by the highest value occurring inuhdistribution. The
phase distribution fop shows that thg-mode is symmetric ta = 0 while thez
mode is antisymmetric. All shown distributions share tinat tmaxima are located
above the sonic line in the supersonic regime at the edgeeaf¢formed boundary
layer. For more details about the eigenfunctions, esggcegarding the differences
between the three investigated roughness setups, see [3].

Wavenumber dependenceA scan overa,; has been carried out at= 18. The
covered range is.25 < artdy < 3.0. Results are displayed in Fig. 6. Thenode is
most amplified for a wavenumber smaller than 1. The maximuplifination rate
of thez-modes is virtually identical for the three investigatedes Apart from that,
the curves for identical modes show similar behavior. THeesa, &, = 3.0 is typ-
ically associated with the second-/acoustic mode havingeammwise wavelength
of aboutAy = 24, in a supersonic flat-plate boundary-layer flow. But amplifara
for this wavenumber was not found in any case for any mode. éte that the 2-d
second mode is not amplified in the roughnessless flow at tsigipn either.

Comparison with unsteady DNS Concurrent to the theoretical stability analysis,
a disturbance calculation using the DNS has been set upgericBisturbances are
forced using monofrequent 2-d blowing and suction withiparsvise disturbance
strip at the wall, a short distance upstream the roughnessegit. The frequency is
wrpns = 4.1, obtained by stability analysis far &, = 1.0 atx = 18. Due to the
symmetric forcing only excitation of symmetric modes, tlee y-mode, could be
expected.

Fig. 7 displays beatings caused by superposition of malggenmodes of iden-
tical frequency but slightly different streamwise waverars. A comparative su-
perposition of the amplitude growth from DNS with tNefactor development from
stability theory (Fig. 7) shows good agreement.

The u'-amplitude distribution extracted from DNS»t= 18 and normalized by
the maximum value in the crosscut shows very good agreemtmihe B-SLST re-
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Fig. 5 Eigenfunctions of/, T’ and p’. Contours show the modulus of perturbation amplitude
@' = |®|. y-mode (left) and-mode (right) are displayed at positigr= 18.0 for case I. Thin solid
lines are isolines ofi beginning withu = 0.1 near the wall and ending with= 0.95. Thick solid
lines mark the sonic line. Last row: Phase distributiont#gp) = % for the p’ eigenfunctions.

Fig. 6 Spatial amplification
rates over given streamwise
wavenumbers indicated by
symbols for the most am-
plified y-mode (solid) and
z-mode (dashed) a¢= 180.
Case |: squares, case lla: di-
amonds, case llb: circles.

Fig. 7 Streamwise amplitude
development (max. over
and 2) for y-mode (long
dash) from unsteady DNS of
case | (log scale), regression
line (dash-dot) based on
maxima (circles) antll-factor
development from B-SLST
(squares) foy-mode of case |
(linear scale).
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sult, especially the position of amplitude maxima is exarlly reproduced (Fig. 8).
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Fig. 8 Comparison: DNS vs. B-SLSTy-mode for case | at positior = 18.0. Left: normal-
ized u-velocity perturbation amplitude’ from DNS. Right: Contour of modulus of normalized
u-perturbation amplitude/ = || from theory. Thin solid lines are isolines afbeginning with
u= 0.1 near the wall and ending with= 0.95. Thick solid lines mark the sonic line.

5 Conclusions

A Mach 4.8 laminar boundary-layer flow altered by discreter@ughness has been
investigated regarding its instability behavior. The ggtaox type roughness ele-
ment is found not to cause sudden bypass-transition. Theebklooe vortex plays
virtually no role for the instability increase. Neither wi® recirculation found to
cause absolute instability. Rather, the inner pair of cewrdgtating vortices past
the element and the resulting low-speed streak in the dogarstcenterline cause a
pronounced convective instability with a growth rate rolydbur times the primary-
instability value without roughness. For the velocity akgrelevant growth down-
stream the roughness element was not found. So the rougactesss an amplifier
for 1st-mode instabilities. According to the B-SLST the rghtype roughness ar-
rangement is slightly more dangerous to laminar flow tharbtbat setting. Gen-
erally, y- and zzmode exhibit similar amplification rates. But as the amgdifion
of the zmode persists further downstream, this mode might be nmopeitant for
transition. It also has a somewhat smaller streamwise wewber, between 0.5 and
1.0, non-dimensionalized by the boundary-layer thicknfessthe most amplified
modes. The existence of tiyanode could be confirmed by an unsteady DNS, and
comparison of the disturbance shapes shows excellentragréeThe growth rates
could only be compared approximately, but also good agraewsas found.
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