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The influence of dissipation laws on the calculation of turbulent

boundary layers with pressure rise
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Summary: For calculations of boundary layers by integral me-
thods which use the energy equation a closure-relation for the
energy dissipation is needed. The choice of this empirical law
can have strong influence on the result especially on boundary
layers with pressure gradients. This is demonstrated by calcula-
tions of layers with a constant shape factor which are approxi-
mately so-called equilibrium layers. Their velocity distributions
are calculated by an integral method using different Cp-relations
and with empirical formulas for equilibrium layers for compari-
son.

Der EinfluB von Dissipationsgesetzen bei der Berechnung
turbulenter Grenzschichten mit Druckanstieg

Ubersicht: Fiir Grenzschichtrechnungen mit Integralverfahren,
die den Energiesatz beniitzen, wird eine Beziehung fiir die Ener-
giedissipation bendtigt, welche nur empirisch gewonnen werden
kann. Die Wahl des Dissipationsgesetzes kann, vor allem bei
Grenzschichten mit groferem Druckanstieg, das Ergebnis stark
beeinflussen. Dies wird anhand von Grenzschichten mit konstan-
tem Formparameter gezeigt. Geschwindigkeitsverteilungen fiir
solche, auch Aquilibriumsgrenzschichten genannte, Reibungs-
schichten werden mit einem Integralverfahren mit verschiedenen
Cp-Bezichungen und zum Vergleich nach empirischen Aquili-
briumsbeziehungen berechnet.

List of symbols

U  Velocity normalized with free-stream velocity Uy,
X  distance along chord normalized with chord length ¢

Uoo

Re  Reynolds number = bt 2
v

Uso

Res, Reynolds number = .
v

)

1 ou

¢p  Non-dimensional dissipation integral = T—dy
o U3 0 5}’
—Us
2
¢g Non-dimensional skin friction coefficient = =¥
Q:n
=U;
2 5

Tw  Wall shear stress

Dipl.-Phys. D. Althaus, Institut fiir Aerodynamik und Gasdyna-
mik der Universitit Stuttgart, Pfaffenwaldring 21, D-70569
Stuttgart, Germany

J Boundary layer thickness

3
01  Displacement thickness = f (l - U£> dy
0 5

8
J,  Momentum thickness = J'E (1 . E) dy
o Us Us

: 2
03  Energy thickness = f - (1 = <_> ) dy
o Us

H,, Shape factor =9,/d,
Hs, Shape factor =ds/d,

Hy,—1 1
I Shape factor = —2>— - —
Hy, cil2
dU;
s & ES
IT  Equilibrium Parameter = @ 9% _
Tw Cf/ 2¢ U5

1 Introduction

On airfoils the pressure recovery on the suction side is
essential in achieving low drag as well as high lift. Wort-
mann startet that a concave pressure distribution with con-
tinuously decreasing gradients has a favourable effect on
the development of the turbulent boundary layer [1]. Smith
[2], Liebeck [3, 4] and Ormsbee [4] designed airfoils with
high lift using the so-called Stratford distribution [S]. This
is a distribution which just avoids separation along its entire
length, thus allowing the largest possible pressure recovery.
Stratford [6] checked this flow experimentally.

In his book on airfoil design Eppler [7, 14] calculated
the maximum possible pressure rise for constant shape
factors Hj, with his boundary layer code which is based
on an integral method. Starting with the nondimensional
velocity U(0) = 1.0 at the beginning of the pressure rise he
found that the velocity U(1) at the trailing edge decreases
with decreasing H3, having a minimum for H;, = 1.62, and
then increases again when Hs, still continues to decrease.
On the other hand the momentum thickness d, reaches a
maximum for Hz, =1.62. In comparison to Stratford’s ex-
periment which yields U(1)=0.59, Epplers result is
U()=0.77.

In spite of modifications of the empirical functions used
in his integral-method he did not succeed in getting a better
agreement with Stratfords experiment. As this result is not
understandable from a physical point of view comparable
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Fig. 1a, b. Velocity U(1) and momentum thickness d,(1) at X=
1 for H3, = constant. a Cy, according to Eppler [7]; b Cp accord-
ing to Felsch [9]

calculations were done with an integral-method according
to Geropp [8].

2 Calculation of maximum pressure-rise with different
dissipation-laws

Given the shape factor H, = constant the corresponding
velocity U(X) was calculated by iteration. For the closure
conditions H,, (Hj;,) and C¢ (H,,, Res,) empirical relations
according to Felsch [9] were used. Different relations were
used for the dissipation coefficient Cpy:

a) Cp according to Eppler [7]
Cp=0.01 [(Hy,— 1) Res,] /6

In conformity with Eppler U(1) = 0.77 results as a mini-
mum and J, shows a maximum for Hs, = 1.62 (Fig. 1a).
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b) Cp according to Felsch [9, 10]:
In this case the velocity U(1) at the trailing edge steadily
decreases with decreasing H;, while the momentum
thickness d, (1) is growing (Fig. 1b). For Hs, = 1.54 the
trailing edge velocity is U(1)=0.61 being not far from
U(1) = 0.59 according to Stratford. Felsch’s Cp-relation
is composed of several empirical functions.

Using a Cp-relation for equilibrium boundary layers from
Drela [11]

3
Cp= e 3 (i_ 1) ..l_+0.03 : <{—[L]_>
2 \Hp; 3 Hy,
yields a similar result as b), also showing no minimum for
U(1). Cp according to Escudier-Nicoll [10] shows nearly
identical results.

If all empirical closure relations are used as in [7] the
same results for U(1) and J,(1) are obtained. This means
that the dissipation law used in [7] is the reason for the
peculiar results. With the other Cp, relations cited, velocities
at the trailing edge similar to Stratford are reached, only his
pressure gradient at the beginning is steeper.

3 Graphical presentation of dissipation-laws

Figure 2 shows a graph of the Cpy-relation according to a)
over H3, and Res, as a parameter. Cp increases with
increasing Hs,. A graph based on the relation of Escudier-
Nicoll (similar to Drela’s) is drawn as a dashed line on the
same figure. Here Cp, increases with decreasing H, ap-
proaching separation where it is more than two times larger.
Only near the Blasius flow (H3, = 1.73) both Cp, are nearly
equal. The influence of Re;, is small.

As boundary layers with constant Hs, are approximately
equilibrium layers and most of the boundary layers on the
suction side of airfoils are not far from equilibrium, Cp
relations for equilibrium layers must be used. The Cp-coef-
ficient due to Felsch [9] depends on several parameters
which account for the departure from equilibrium.

4 Calculated pressure distributions in comparison
with experiments

The boundary conditions for Stratford’s experiment are
Re=1.0-10° and Res, = 2271 [7]. Starting with U(0) = 1.0
at X=0 velocity distributions were calculated for different
shape factors Hs, using the integral method with the Cp
relation due to Felsch in the iterative manner as mentioned
above. The graphs in Fig. 3 show some distributions. When
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Hs, approaches separation the differences in U become
smaller. The curves for Hs, = 1.54 and H;3, =1.53 can be
distinguished only at the very beginning. They show the
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Fig. 3. Velocity distribution U(X) for different shape factors
Hs, =constant with boundary conditions of Stratford’s experi-
ment

Stratford (Eppler)
204
Re=1x108
021 Regs2=2271
0
0 0.2 0.4 0.6 08 10

X —

Fig. 4. Velocity distribution U(X) for H3, = 1.544 near separa-
tion and Stratford’s experimental distribution
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Fig. 5. Velocity distribution U~X" for equilibrium layers with
constant shape factors Hs;

lowest velocity U(1) at the trailing edge achievable by this
method. On Fig. 4 a distribution with H3, =1.544 (H,,=
2.17) is compared with Stratford’s experiment. At the
start of the pressure rise Stratford’s velocity gradient is
steeper, his final velocity is somewhat smaller. With con-
sideration of the approximating calculation the result is suf-
ficient.

Eppler cites experiments of the present author on a
symmetrical airfoil with 34.5% thickness [12]. For a test at
an angle of attack of 3° the calculation of the boundary
layer with his Cp-relation shows separation at XJt= 0.6,
while on the contrary calculations with the other Cp-rela-
tions and the experiment yield none.

Due to the present calculations the velocity at the trail-
ing edge U(1) for H3, = 1.62 is 13% lower. As the momen-
tum thickness d,(1) is higher, the drag calculated by the
Squire and Young formula is 3% higher. For H3, = 1.54 the
trailing edge velocity U(1) is 20% less than in [7]. The
considerations in [7] with respect to the maximum pressure
rise and the optimum distribution of the shape factor
Hj, (X) for airfoil design are not applicable. The differences
are caused by the insufficient relation for Cp, used in [7]
and in the airfoil design code [15]. Concerning the design
of airfoils, maximum lift could be higher, they could be
thicker or the region of turbulent pressure rise could be
shorter allowing a longer laminar run.

5 Pressure distributions calculated with relations for
equilibrium boundary layers

The velocity distributions for equilibrium boundary layers
are of the form U~ x™. They can be calculated for constant
Hs, without the use of Cp-laws. The shape factor /1 can
be interpreted as the relation of the pressure forces to the
forces due to viscosity. For equilibrium boundary layers
I1(x) = const.

An empirical relation [13] exists between the shape
factors I and / while

T+ 1.5)? Hi=1 4
= (S ) PRl :
36 le \/Cf/z

With H,, and Res, given, the wall shear stress Cy can be
calculated from empirical relations (f.i. Ludwieg-Till-
mann). So [ and I7 are known.

Velocity distributions for equilibrium layers are given

by
U=(1+4-Ax)".
Mellor and Gibson [13] show that

1/m=—-[H.z<1+l>+1H L+G b }
| 1+ (/%) (H2—1)

with %2 =0.41 and y = /(c¢/2) and

T3

(310 Tm '

The index 0 marks the values at the start and Ax=x —xp.
The displacement thickness 6,

O hd Ax
10

A=-

grows linearly with Ax for these boundary layers.

By this way velocity distributions for equilibrium layers
can be calculated without empirical relations for the dissi-
pation coefficient Cp. Figure 5 shows some distributions for
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Fig. 6. Velocity distributions U(X) calculated with different em-
pirical relations for H3, = 1.62 with Stratford’s boundary condi-
tions

the conditions of Stratford’s experiment with different
shape factors H3,. A comparison with Fig. 3 reveals, that
the distributions for H3, = 1.54 (near separation) are nearly
identical.

6 Comparison of pressure distributions calculated by the
integral method and equilibrium relations

In Fig. 6 velocity distributions for the same shape factor
H;,=1.62 calculated in different ways are compared.
Distribution (1) with U~ x™ gives the largest pressure rise.
The iterative calculation for constant Hs, with closure rela-
tions due to Felsch [9], distribution (2) is very similar to
(1). Distribution (3) was calculated in the same way, but
with closure relations due to Eppler [7]. Owing to the em-
pirical Cp, relation its velocity at the trailing edge is much
higher.
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