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Proper orthogonal decompositiof?OD) has been performed for controlled and uncontrolled
transitional boundary layer data in an effort to reconstruct and possibly control the transitional
boundary layer. Although the POD provides mathematically defined optimal basis functions for a
given flow, they are only optimal for a given flow conditige.g., specific Reynolds number,
boundary conditions, efc.In the context of flow control, one is usually forced to use the POD
modes extracted from an uncontrolled flow as the controlled flow is not kreowiori. The present
investigation reveals that the most energetic POD modes for uncontrolled and controlled modes
show a striking similarity, and unlike in turbulent flows, the present transitional boundary layer flow
can be reliably captured by a few POD modes which contain almost all of the flow energy. It is then
shown that it is possible to reconstruct tentrolledflow using POD modes from thencontrolled

flow. Therefore, it can be conjectured that low-dimensional models based on the uncontrolled POD
modes may be successfully used as online control tools. After this it is shown that “new” snapshots,
i.e., the time evolution of the flow, can also be reconstructed by appropriately modifying the
coefficients of the POD modes extracted from “previous” or earlier snapshots. This is accomplished
using flow-field information at some “sensor positions” and a least-squares fit to the uncontrolled
POD modes from former snapshots at these points. The approach introduced in this paper offers a
simple, experimentally realizable approach to calculate the temporal coefficients, hence to
reconstruct the unknown flow field without the need for a low-dimensional model based on the
projection of the Navier—Stokes equations. 2004 American Institute of Physics.
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I. INTRODUCTION is not known or available and hence construction of a low-
dimensional model is not possible, the POD expansion of the
For the past several decades, proper orthogonal decorensemble of DNS results can be used to control certain pro-
position (POD) has been extensively applied to analysis ofcesses. In this regard, Ly and Ttademonstrated the effec-
flow and heat transfer as well as the construction of low-tiveness of using the POD to control the temperature distri-
dimensional modelsa system of nonlinear ordinary differ- bution inside a Rayleigh—Benard convection cavity without
ential equations We refer to Refs. 1-7, and references utilization of a mathematical model. They considered two
therein for the POD procedure and issues in low-dimensiondboundary control problems, a temperature tracking problem
model construction. The general findings compiled from theand a problem that avoids hot spots in a certain region of the
literature are that the low-dimensional models based on thdomain.
POD can exactly reproduce the direct numerical simulation  Unlike the computationally expensive control strategies
(DNS) results on design conditions, i.e., for the parameterased on the Navier—Stokes equations, the low dimensional
that DNS is obtained, while for off-design conditions, low- models for many complex flows are in general simple
dimensional models, in general, can only be used to predic@nough to offer real-time control capabilities. Ravindrap-
DNS results qualitatively. plied the reduced-order model for optimal control of flow
For the past few years, a new research trend has been &/er a backward-facing step and Gerhatdal."> employed
investigate the possibility of using these low-dimensionalthe low-dimensional Galerkin models to active control of
models as predictors in several control schefié&We shall laminar vortex shedding behind a circular cylinder, for in-

also mention here that, for cases where an appropriate modgiance- _ o
Since the controlled flow is not knowanpriori, the low-

dimensional models are in general constructed based on the
dTelephone:+90 212 293 1300; fax:90 212 245 0795; electronic mail: uncontrolled POD basis functiorﬁmodeéz by assuming that
guneshasa@itu.edu.tr. ’
bTelephone:+49 711 685 3432; fax+49 711 685 3438; electronic mail: the POD modes do not change appreciably for the controlled
rist@iag.uni-stuttgart.de and uncontrolled modes. In this way, we accept the fact that
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FIG. 1. lllustration of the disturbance soulsee Eq(6)]. (a) Instantaneous wall-normal velocity of the disturbance gener@otime signal used to generate
nonperiodic point-source disturbances.

the representation of the controlled flow by the uncontrolledmal contro) on the POD basis functions. They conclude that
POD modes is not optimal as the flow is modified by the“for flows that employ less effective control strategi@sich
control action, e.g., suction/blowing on the boundary. Thereas opposition contrgl a low-dimensional model based on
fore, before developing low-dimensional models based onhe no-control POD basis may perform adequately for a
the uncontrolled POD modes, one has to make certain for amall number of modes although model errors increase with
given problem whether or not the uncontrolled POD modesncreasing number of modes.” They also stated that it is nec-
can be used for flow control. essary to manipulate the uncontrolled POD modes to include
The influence of control on proper orthogonal decompo-the effects of the control.
sition of wall-bounded turbulent flows has been investigated In this paper, we investigate the impact of control on
recently by Prabhet all* They have explored the effects of POD modes in the context of a transitional boundary layer
two distinct control strategie®pposition control and opti- and the possibility of controlling transition via a low-

FIG. 2. Instantaneous isocontours of wall vorticity componet du/dy — dv/dx att/At=15 120; (left) uncontrolled case(right) controlled case.
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trolled as well as controlled POD modes in reconstructing
the controlled flow for selected number of POD modes. In
Sec. V we investigate the possibility of construction of
“new” snapshots of the flow field by employing the POD
modes that are extracted from “previous” or “earlier” snap-
shots. Finally, in Sec. VI we summarize our results and make
projections for future strategies of realizing the integration of
simulation and the experiment for flow prediction.

II. REVIEW OF PROPER ORTHOGONAL
DECOMPOSITION

Proper orthogonal decomposition introduced by Lurhley
has long been popular as a means of extracting the most
energetic eigenfunctionstructureg from a flow (or tem-
perature field data. It has been proved mathematically by
Sirovich' that POD eigenfunctions are optimal in terms of
kinetic energy of the flow compared to any other basis. The
POD eigenfunctions also capture the essential dynamics of
the flow and provide insight into the nature of the flow and
its instabilities. The implementation of the POD procedure is
: based on the method of snapshots developed by Sir8vich.
Sk Here, we briefly outline the procedure for completeness of

f the paper. For a detailed treatment of the subject, the reader
L | is referred to the book by Holmest al? and Refs. 3—7, and
' 15-18.
b) Given M instantaneous realizations or “snapshots” of
the fluctuating streamwise vorticity as obtained by the DNS,
FIG. 3. Spanwise variation ab, at the wall §y=0) for various cross flow  w,(Y,z,t)), corresponding t& different instants in time. For
sections(@) uncontrolled case(b) controlled case. given snapshot data, an optimal basis specific for the field
data can be obtained by means of the eigenvectors and ei-
genvalues of the discrete correlation matrix as defined by,

dimensional model. In addition, we introduce an experimen
tally realizable approach to reconstruct the time evolution of LKL

the flow. This paper is organized as follows: Section Il will

contain a revizwpof propger orthogonal decomposition and G J_Mgl ;1 ox(Yiez oY ). @)
some of the important properties of the POD modes and

coefficients in the context of a transitional boundary layer. InNote thatK andL are the number of grid points in the wall
Sec. lll, the numerical method for the generation of DNSnormal y and spanwise directiong, respectively. In our
data and the control mechanism used to actively damp dissimulations we have taked=201 andL=101. The advan-
turbances in boundary layers via feedback of instantaneousge of the snapshot version as proposed by Sirévicthat
signals of spanwise vorticity fluctuations will be outlined. In the order of the correlation matrix is independent of the spa-
addition, we will present related DNS data in this section. Intial resolution of the flow field, which enables us to use high
Sec. IV we present spatial and temporal results of PODesolution data. Here we would also like to mention that we
analysis for uncontrolled and controlled cases in a comparaiave performed a full three-dimension&@D) POD proce-
tive way. In addition, we evaluate the performanceiofon- dure on the 3-D data field for the domain 4%<7.5,

FIG. 4. Spanwise variation of rms
value of w, at the wall {y=0) for
various cross flow sectiong&) uncon-
trolled case(b) controlled case.
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FIG. 5. Snapshots of the instantaneous streamwise vortieify &t x=7.5: (a) uncontrolled casegp) controlled case.
0<y<0.13, —1.04<z=<1.04 (cf. Sec. ll). Although our (i) Each eigenvalue\, is associated with the corre-

DNS results are based on 710 grid pointxidirection we  sponding basis functiogy, and quantifies the kinetic energy
have used only 298 grid points in the calculation of the cor-of the flow field (data set Average fluctuating energy in the
relation matrix. We will present only the two-dimensional data set is represented by summing all of the eigenvalues,
(2-D) data due to space considerations but note that similag}! \,=E.

conclusions are reached by either 2-D or 3-D POD analysis. (iv) POD basis functions can be used to reconstruct the

Using the(elements of eigenvectorsey ; of matrix C  data set optimally for a given number of teriisas follows:

POD eigenfunctions that are optimal for the representation of
the corresponding DNS data can be constructed by linearly

N
combining the fluctuating streamwise vorticity as
9 9 Y oy, z0=3 aVi(y.2). @
M
Wy,z):;l ay (Y. Z,1). 2

In general(with the possible exception of turbulent flows
the first few modeg, capture most of the energy of the flow
The eigenvalues of matri€ and the POD basis functions as quantified by the normalized values of thg. In other
have the following important properties. words, in generaN<M.

(i) POD basis functionsor mode$ are orthogonal and Equation (4) is usually called the “reconstruction for-
after normalization form orthonormal bases, i.ef; ;) mula” and temporal coefficienta,(t) can be obtained from
=&, whereg;; is the Kronecker symbol and,-) denotes  Eq. (4) by a “direct projection” formula as
the scalar product given as

ak(t)=f wy(y,z,t)V(y,2)dQ, k=1,2,...N. (5)
(\Pl,\pJ)ZJQ\pl‘PJdQ, Q

Q) is the domain of snapshots. 3
P @ (v) Another important feature ofy, is that because of

their construction formul&Eq. (2)], they inherit all proper-
(i) Eigenvalues are positiven(=0) and are ordered ties of the data set. For example, if the flow is incompressible
NS> N 1), k=1,2,..M. the POD modes are also incompressible. In addition, if
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FIG. 6. The first eight most energetic POD modes of
the instantaneous streamwise vorticity,J at x=5.5
(uncontrolled case

boundary conditions of the flow are homogeneous, then thesemplification, prescribed as a newboundary condition at
boundary conditions are satisfied by all the POD modes inthe wall to damp the disturbance in the boundary I&er.
dividually. . _ Therefore, strictly speaking, the POD modes for the

The above features of POD make it very attractive to_-controlled flow will not be the same as the uncontrolled
Eq. (4) into the full model (usually Navier—Stokes equa- conirolled flow one should actually use the controlled POD
tions), applying the Galerkin method, and making use of they,,qjs However, one is usually forced to construct a low-
a_bove-r_nentloned properties (.)f POD  modes, a I()\'\"fdimensional model based on the uncontrolled POD modes in
dimensional model can be obtained for the expansion coei- .
- an effort to control a flow because the controlled POD basis
ficientsa(t). . - :

is not knowna priori. Then, one would like to have an an-

However, as pointed out by Prabletial.™ a limitation h o led POD modes b q
of POD basis functions is that they are “intrinsic to the flow” §wer to the question “can uncontrolle modes be use

at particular values of parameters or conditions. If one of thd" & low-dimensional model to describe the dynamics of the
flow conditions changete.g., change of Reynolds number, controlledflow?” It is expected that the answer will depend
or change of boundary conditiopshen the POD modes will ©Nn the type of control, i.e., how strong the uncontrolled flow
also change. For example, the controlled flow field useds changed and the complexity of dynamics of the flow.
in this paper has been obtained by employing so-called As a preliminary condition of constructing a valid low-
control. According to this control strategy, the spanwise vor-dimensional model, one has to include enough energy
ticity fluctuations at the wall are sensed and, after a suitabléypically over 90% of the flow field as quantified by the

|l4

Downloaded 09 Jun 2004 to 128.148.160.35. Redistribution subject to AIP license or copyright, see http://pof.aip.org/pof/copyright.jsp



2768 Phys. Fluids, Vol. 16, No. 8, August 2004 H. Gunes and U. Rist

FIG. 7. The first eight most energetic POD modes of
the instantaneous streamwise vorticity,J at x=6.5
(uncontrolled case

eigenvalues of the correlation matrix. Turbulent flows have dll. GENERATION OF SNAPSHOT DATA

very low rate of converge of energy as reflected by the ein Numerical method

genvalue spectrums. For example, Prabhal!* report that

for the turbulent channel flowboth controlled and uncon- The DNS data used for the present investigation have
trolled casesover 500 POD eigenfunctions are required tobeen obtained from a continuation of the work by Gmelin
account for approximately 65% of the total flow energy. With €t al,*>*°which is described in more detail in GmefihThe
such low energy content, even the reconstruction of the turdumerical method used is based on the vorticity—velocity
bulent flow dynamics may not be possible and the size of théormulation of the Navier—Stokes equations for incompress-
models certainly limits their use for real-time control appli- ible fluids. A two-dimensional flat-platéBlasius boundary
cations. On the other hand, for transitional flows, most of thdayer ~ from  R&=U,&*"/v=1.72077(Rex)=912 to
flow energy is captured by a fe(mnost energetic, usually less R€" =1640(5* =displacement thickness and R&00 000 is
than 20 modes, and therefore the reconstruction, cross protaken as base flow for investigating the unsteady three-
jection, and projection of the “future” flow dynamice&m-  dimensional reaction of the flow to random forcing through a
ploying POD modes to capture a flow for different condi- hole in the flat plate. The scenario is similar to the wind-
tions) may be possible. This will be shown later. tunnel experiments of Shail.
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FIG. 8. The first eight most energetic POD modes of
the instantaneous streamwise vorticity,J at x=7.5
(uncontrolled casg

Discretization of the governing equations is performed
by a Fourier transform in spanwise) direction followed by
standard fourth-order-accurate central finite differences in
streamwiséx) and wall normal direction§y), as described in
Rist and Fasel® except for thex-convection terms which are
discretized by one-sided finite differences which exhibit
fourth-order accuracy when applied in an alternating up- and
downwind manne?* The initial conditions for the simula-
tions are zero disturbances throughout the integration do-
main. Disturbances are introduced through suction and blow-
ing at the wall as described later. At the inflow boundary
which is placed one typical disturbance wavelength upstream
FIG. 9. Energy content of each POD mode for uncontrolled case at selectedf the suction and blowing hole, zero disturbances are as-
cross-flow sections. sumed for all time. At the free-stream boundary the vorticity

Energy content [%]
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TABLE I. Normalized eigenvalues and their cumulative contribution to the fluctuating energy.

x=5.5 X=6.5 x=7.5 x=7.5 (controlled
1 50.59 50.59 46.23 46.23 39.06 39.06 47.22 47.22
2 44.91 95.50 42.31 88.54 32.92 71.98 42.45 89.67
3 1.96 97.46 5.14 93.68 12.14 84.12 3.56 93.23
4 1.27 98.73 2.56 96.24 9.59 93.71 3.12 96.35
5 0.56 99.29 1.65 97.89 2.26 95.97 1.16 97.51
6 0.38 99.67 0.98 98.87 1.52 97.49 0.84 98.35
7 0.13 99.80 0.42 99.29 0.85 98.34 0.55 98.90
8 0.08 99.88 0.25 99.54 0.52 98.86 0.42 99.32
9 0.03 99.91 0.14 99.68 0.29 99.15 0.23 99.55
10 0.02 99.93 0.14 99.82 0.23 99.38 0.20 99.75

FIG. 10. The first eight most energetic POD modes of
the instantaneous streamwise vorticity,J at x=7.5
(controlled casg
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FIG. 11. Comparison of POD modes of the uncontrolled and controlled dageg; , i=1,2,...N, (b) v, i, j=1,2,...N.
is zero and the velocity decays exponentially yer . The Since the objective of Gmefth was to contribute to

“relaminarization zone” by Klokeret al,?® which reduces laminar-turbulent transition control, a control strip was
the disturbance vorticity to zero, is applied upstream of theplaced in the simulations between=6.16 andx=28.26,
end of the integration domain. The vorticity at the wall is where an extension of the feedback algorithm already de-
computed from the conditions specified in Kloketral?® and  scribed in Gmelinet al!® has been applied. This algorithm
Rist and Faséf which take into account the zero divergencesenses the instantaneous wall vorticity component

of the velocity and the vorticity vectors. Based on the solu-=du/dy—dv/dx and prescribes it as wall-normal velocity
tion of the previous time step the nonlinear convection termgontrolled by a FIR filter. In spectral space the control algo-
in the discretized vorticity-transport equatiofame for every  rithm reads

component of the three-dimensional vorticity vegtare

computed using the pseudospectral technique. Time integra- V(X,y=0,a,k) =|A(X)|H(a)Q,(x,y=0k), (7
tion is then performed applying the standard fourth-order-
accurate four-step Runge—Kutta scheme. where capital letters fov and(), denote the spectral ampli-

The instantaneous wall-normal velocity component atiudes of the respective velocity or vorticity components with
the wall used as a zero-net-mass-flux disturbance generatortigspect to the spanwise Fourier ansétmex k), « is a
depicted in Fig. (a) together with the computer generated streamwise wave number, aht{«) the complex filter vec-
“white noise” time signal of the forcing amplitude in Fig. tor of the FIR filter. The feedback gaify(x) provides user
1(b). The velocity is defined by control and a smooth ramping of the control at the up- and
downstream ends of the control strip. Amplitude and phase
of H(«) were adjusted in such a way as to provide nearly
v(xy=021)=AA{1T(x.2), optimal damping for every spanwise Fourier mode covering

r r\?2 ®  the whole region of linear instability. More details are given
f:( §—20>(§ +1, in Gmelin?*

wherer and R are the radius of the point source and theB- PNS results

distance to the center of the point source, respectively. For  From the simulation runs the full vorticity and velocity
the present investigatiorR=0.314 andA,=2x10" % have fields have been stored at every 120th time step in the region
been chosen and the center of the disturbance source wasg<x<8.10 at every second grid point i For conver-
placed at Re=974 (x=3.2). The time seried,(t) was gen-
erated using computer generated random phases and a con-
stant amplitude for all frequencies &®<24, where g F - o= xZ5onole o
=27f.

The computations have been run with 200 equidistant T
intervals in wall-normal directior{for 156* at the inflow
boundary and different stream- and spanwise resolutions,
e.g., 2402 and 3202 grid pointsxand 50, respectively, 100

r

—=+50

;
145—45| 2

R

Energy content [%]
5
T

conjugate complex fully de-aliased Fourier modes in span. *r

Thus, for the coarsest of these simulations, the step sizes 1::

correspond toAx=0.002618, Ay=0.0006847, andAz . R SO boercsososehonso

=0.020 94(normalized with a reference length=5 cm for Modes

U, =30m/s). Time was discretized witht=0.001745 in g 12. Energy content of POD modes for controlled and uncontrolled
both cases. cases.
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gence checks of the PODs theomponent of the wall vor- dimensional data at selected values of constacitoss sec-

ticity was available at full spatial and increased temporations. One of our motivations to particularly investigate the

resolution, as well. For the following investigations the un-constantx positions is that we apply control for=6.2. So,

controlled case and a controlled case with f#§)}=3 by analyzing data for a constaxtvalue larger than 6.2, we

X 10 for Fourier modes &k=9 have been chosen. are able to compare POD analysis for uncontrolled and con-
A depiction of the downstream disturbance developmentrolled flow data. We believe that, in this way, drastic

induced by the forcing given by E¢) and illustrated in Fig. changes in POD modes can be observed best, if they indeed

1 is shown in Fig. 2 comparing instantaneous isocontours oéxist. Thereforewe have chosen to presesrbss sections at

disturbance wall vorticity componeat, for the uncontrolled x=5.5,x=6.5, andx=7.5. Atx=5.5, the control has not yet

and the controlled case. been applied, at=6.5 it has already been applied but does
The forcing atx= 3.2 produces a series of wave packetsnot yet have an appreciable effect, whilexat 7.5 the effect

similar to those observed by ShaikhThe disturbance am- of control is clearly seen as depicted in Fig. 3. Figure 3

plitude A, has been chosen such that the first nonlinear struasompares the instantaneous spanwise variation,oét the

tures (A vorticeg develop forx>6.0. Final transition hap- wall (y=0) for uncontrolled and controlled cases, while in

pens arounc=38.0 with a certain intermittency that depends Fig. 4 the rms values o, are depicted to illustrate the

on the characteristics of the particular wave padkeg., its  effect of control via

amplitude, spectral content, and phasépstream of the con-

trol strip (i.e., for x<6.2) the two realizations in Fig. 2 are \/1 v 5

identical, as expected. But inside the control strip the effect ML @x(y.2)]= M;l o (¥,Z,8)". ®

of the feedback control becomes apparent, especially toward

the downstream end of the region shown. Figures like thidt is seen that while the effect of the control is minimal for

indicate that the present control algorithm successfully workx=6.5, forx= 7.5 disturbances are greatly reduced to a level

in the nonlinear stages of laminar-turbulent transition. comparable with the section=5.5. The success of the,
From our 3-D vorticity field, we have extracted two- control is also evident in Fig. 5, where typical snapshots of
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the instantaneous streamwise vorticity,J at the planex  behavior has been observed in many flows and attributed to
=7.5 are compared for both uncontrolled and controllectraveling wavegsee, e.g., Refs. 26 and 2ncluding transi-

cases. tional boundary-layer flowsRempfer’). Figure 9 also
shows that pairing is more pronounced for upstream stations
IV. POD RESULTS (x=5.5), and it diminishes as the transition progresses

downstream. For quantitative comparison, we also provide
normalized eigenvalues and their cumulative contribution to
Here, we start by comparing the POD modes in threghe fluctuation energy in Table I. As transition progresses
cross sections for uncontrolled flow. This investigation in adownstream, the first pair consisting of the two most ener-
certain sense will enable us to get an understanding of thgetic modes, loses its energy to the higher-order modes. For
evolution of characteristic structuréas reflected by POD example, atx=5.5, the first pair captures over 95% of the
modes during transition of the boundary layer. If these yota) energy, while ak=6.5 andx=7.5, they capture only
modes are found to have a certain similarity, we hope that thg;,ot 889 and 72%, respectively. Fortunately, the energy
flow downstream may be reconstructed by employing thgog; py the first pair is captured by the next few most ener-
POD basis extracted from upstream. In Figs. 6—8, the firSpetic pairs; instead of dissipating further. Therefore, in order
eight most energetic POD modes of the streamwise vorticity capture over 99% of the energy of the flow, only five

are shown fo_r the cross sections=5.5, x=6.5, andx modes are necessary for section 5.5, while seven modes
=17.5, respectively. It is seen that POD modes extracted fo

x=5.5 andx=6.5 are very similar to each other, while there ‘rin;j 5n|rneespn;2:ij\</aeslyare necessary for sectinrs6.5 andx
are more pronounced differences for=7.5. Figure 9 com- B '

pares the energy content of each POD mode for uncontrolle
flow at the indicated cross sections. It is seen that for al
cross sections, eigenvalues occur in pairs of similar magni- We now compare POD resulfse., POD modes, energy
tude and there is always a large gap between these pairs. Thientents, and temporal coefficient®r controlled and un-

A. POD modes for uncontrolled flow

g. A comparison with POD modes for controlled flow
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FIG. 15. Temporal reconstruction of controlled flow
02r 02p dynamics via uncontrolled POD modes. Solid lines de-
note the temporal coefficients computed by cross pro-
jection with the no-control model, i.ea™®'. Dashed
lines denote the temporal coefficients computed by the
POD of the controlled flowa®"™. Note: Phase shift

model control

02F 02F betweenay and af is observed because corre-
03 03 sponding spatial POD modes are different in si@@ee
O30y g 0.3 .

5 10 15 20 25 3 107520 25 Figs. 6 and 8.

Number of snapshots Number of snapshots
04F 0.4r
03F 0.3F
02F 02F

02F 0.2F

-0.3E
5905 20 25 TV R T R
Number of snapshots Number of snapshots

controlled flow. We shall note here that POD results for both  In the above definition we use the absolute value in order
controlled and uncontrolled cases at sectiocn6.5 are al- to eliminate negative values singe=—1 denotes that the
most identical because the effect of the control is not felt fotwo compared modes are only different in sign. Therefore,
some distance downstream. However, for sufficiently largehe values of similarity parameter as defined above are in the
distance downstream, the effects of the control become versange G<y<1 and y=1 means that two compared modes
clear (see Figs. 2—p Therefore, our comparison between (structure¥ are identical to each other. Ag—0, the com-
controlled and uncontrolled flow is done at section7.5.  pared structures become dissimilar to each other. In addition,
Figure 10 shows the first eight most energatantrolled in Eq. (9) if i=], then there is a one-to-one comparison
POD modes at the sectior=7.5. First of all, by comparing  petween the modes, i.e., the first POD mode of the controlled
visually Figs. 8 and 10, we see that the most energetic firsiow, for example, is compared with the first POD mode of
pair is quite similar for both cases. For higher modes, howthe uncontrolled flow. However, due to possible “mode
ever, we observe some differences between the POD mode§yssings,” it is possible that thigh POD mode of the con-

In order to compare the POD basts any two different flow 5jied flow is similar and needs to be compared with the
fields) objectively, one has to use a quantitative measure foh +1)th POD mode of the uncontrolled flow.

the similarity or d|SS|m|_Iar|ty of the ggructures compared. Figure 11a) depicts a one-to-one comparisom;(,i
Therefore, as proposed in Rempéral,™ we use the scalar =1,2,...N) of the uncontrolled and controlled POD modes at

product given in Eq(3) to define a “similarity number” to .sectionx=7.5. The first POD modeg$the most energetic

|no!|cate the similarity between any POD. modes. The SIm"ones) for the controlled and uncontrolled case resemble each
larity number, denoted by the symbg];, is based on the

scalar product defined as other the most with a similarity number near Qe also
Figs. 8 and 10 for visual comparispnFor the first four
y=7i= |(¢i1’¢j2)|, ij=1,2,..N, (9) r_nodeSy dgcreases gradually, as expected. However, for the
fifth and sixth modes we see thattakes very small values
where superscripts 1 and 2 refer to the uncontrolled and conndicating that the fifth and sixth modes are dissimilar. This
trolled flows, respectively. can also be verified visually by carefully checking the corre-
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FIG. 16. Controlled flow reconstruc-
tion. Spatial variation of rms values of
wy on the wall for different number of
POD basis: (a) Reconstruction via
controlled POD modegb) reconstruc-
tion via uncontrolled POD modes.
Solid line: reconstructed data, dashed
line: uncontrolled DNS data, dashed-
dotted line: controlled DNS data.

sponding modes in Figs. 8 and 10. An explanation for this ismode of the uncontrolled case is similar to the sixth mode of
the so-called “mode crossing” that occurs with change ofthe controlled caseys s=0.335).

sign of the eigenvalues as reported in Rempfeal 22 and In Fig. 11(b), we plot they; ; as a function of all of the
Prabhuet al* For a detailed discussion of the mode cross-most important 20 modes in order to illustrate the mode
ings we refer to Prabhet all* The conclusion is that “mode crossings and the similarities between any two modes. If
crossing” can occur and one should not be misled by ignorthere was a perfect agreement between the structures of the
ing it. In order to clarify the subject, for example, we note controlled and uncontrolled casésith no mode crossings

that due to the crossings of the POD modes, the sixth modghe similarity number should be exactly 1 along the diagonal
of the uncontrolled case is actually similar to the fifth modeand should vanish symmetrically away from the diagonal.
of the controlled caseys¢=0.554) and likewise, the fifth However, as can be seen from Fig.(d1there are many
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Y4
a)y = 0.00274 b) y = 0.00548

4 05 8 05 i 5 05 Zc'J 05 i
¢)y=0.01096 d)y=0.01506

FIG. 17. Reconstruction of spatial rms values«gf off the wall for various values of wall normal distances. All reconstructions are basétd=@0 POD
modes. Solid line: reconstruction usingcontrolledPOD modes, dashed line: controlled DNS data, long dashed line: uncontrolled DNS data.

mode crossings and hence many “off-diagonal similarities.”Because the first few modes are quite similar as depicted in
Figure 12 shows the energy content of each POD mod€ig. 11, i.e.,y}° oMok ycontol - ho control  control - a6 - the

for the controlled and uncontrolled cases. We note that theifferent DNS data in Figs. 2—5 can only be obtained by the
relative contribution of the first mode pdin percentto the  corresponding large changes in temporal coefficients, i.e.,
total fluctuation energy is considerably higher for the con-af®®"(t)a"(t), etc.

trolled case and given a mode number, the cumulative con- Therefore, we conclude that in our transitional boundary
tribution of the energy is always larger for controlled flows layer flow, it may be possible to use uncontrolled POD

(see Table ). This is in agreement with the statement by modes in order to construct a low-dimensional model for the
Prabhuet al* that “POD for the controlled flows tends to controlled flow. However, the coefficients for the uncon-

converge faster than the no control flow.” trolled flow have to be changed, or in other words, by utiliz-
ing some of the information from the controlled cageg.,

C. Reconstructions of controlled flow via POD modes taking measurements using sensors at selected pdids
controlled temporal coefficients have to be obtained. Now let

While the most energetic POD modésspecially the ) e model :
first pain extracted from the controlled and uncontrolled us define model coefficients, ™ as follows:
flow show a remarkable similarity, their temporal coefficients
a,(t) calculated by the direct projection formul&g. (5)] N
show drastic changes as illustrated in Figs. 13 and 14. First "y 7 t)= >, al°%{t)p[o contofy 7), (12
of all, we note that the most energetic coefficidmspecially k=1
the first pair, i.e.a,(t) anda,(t)] are quite different in both
temporal behavior and in magnitude. Let us write the decom

~ where
position for controlled and uncontrolled flow cases:
N mode _J contro no contro|
a t)= ,Z,HW ,2)dQ). 13

on controtyyzyt)ggl an contrott)\PEo controty,z)' (10) k t ) wa '(y ) k ty ) ( )

N In Eq. (13) al™® will be, of course, different fromao""
WSOy 7 t)= D aconrol ) eonroy 7). (1 divenin Eq.(11) since the POD modes are similar but not

k=1 the same for the controlled and uncontrolled cases.
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Number of shapshots Number of shapshots

N=2 N=4

10 15 20 5 10 15
Number of shapshots Number of shapshots
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10 15 2 5 10 15
Number of snapshots Number of snapshots
N=6 N=8
b)

FIG. 18. Controlled flow reconstruction. Temporal rms valuesvpfat x=7.5 for different number of POD basi§a) reconstruction via controlled POD
modes,(b) reconstruction via uncontrolled POD modes. Solid line: reconstructed data, dashed line: uncontrolled DNS data, dashed-dotted line: controlled

DNS data.

Equation(13) is called the “cross projection” by Prabhu temporal coefficients of controlled flow dynamics via uncon-
et al'* and we stick here to their definition. As reported in trolled POD modes. Solid lines denote the temporal coeffi-
Ref. 14, the cross projection represents the ability of uncongjents azﬁode' computed by cross projection with the no-
trolled POD modes to describe the actual controlled flowgontrol model using Eq(13), while dashed lines denote the

i . odel control
dynamics. Therefore, by comparirgf*™® and a;”™", we temporal coefficientaa®™® computed by the POD of the

can evaluata priori the potential of non-optimal bases to be control -

: odel
used as models for controlled flows. Unlike turbulent ﬂows’cgntrolle(;:ik:‘low. A phase sh|ftd_betwe&:f‘| ngd ald :jﬁ .
low-dimensional models constructed for transitional flows®PSETVEX bECause corresponding spatia MOdEs alirer in

have minimal truncation errors as the models can easily b&/9n @S can be seen by comparing the first POD modes in
constructed with the first few modes capturing most of the™gs- 8 and 10. The comparison is very good for the first pair,
flow energy(about 99%. This feature leaves the cross pro- Which constitutes the most important structures of the flow.
jection as a crucial check before constructing a low-For higher modes, some differences in the amplitudes and

dimensional model with certain bases. Figure 15 shows théhe phase shift can be observed. Next, reconstructions of
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FIG. 19. Reconstruction of instantaneaug of controlled flow att/At=15 120 viacontrolled POD modes. DNS data are also shown for comparison.

controlled DNS data using both controlled POD mofieg.
(1] and uncontrolled POD modgg&q. (12)] are shown in
Fig. 16, where the rms values af, are depicted as defined comparison. Only the two most energetic modés=2),

in Eq. (8) in order to reflect all snapshot data. Figurgd6 which capture almost 90% of the total flow energy, seem to
depicts the direct projection reconstruction, i.e., reconstrucbe enough for accurate reconstruction of the flow if one
tion via controlled POD bases, while Fig. 16) shows the
Cross projection reconstruction, i.e., reconstruction wia
controlled POD bases. In Fig. 16, solid lines denote the re-POD modes are not capable of reconstructing the controlled

0.06

0.0

b4

>0.03

0.02

0.01

0.04

>0.03

0.02

0.01

0.05

0.04

>0.03

0.02

0.01

FIG. 20. Reconstruction of instantaneowsg of controlled flow att/At
=15 120 viauncontrolledPOD modes.

constructions obtained by E@l1) or Eq. (12) and uncon-
trolled and controlled DNS data are also shown for

could use the controlled POD modes, which are usually not
known a priori. Clearly such a low number of uncontrolled

flow as can be seen in Fig. @. However, by increasing the
number of uncontrolled POD modes, one can reasonably re-
construct the controlled flow. For example, with 20 uncon-
trolled modes, a reasonable agreement is achieved, especially
considering the differences between the two DNS data. Note
that in Fig. 16, reconstructions are performed at the wall (
=0), where the control is applied. The flow field as well as
the POD bases are mostly different on the wall. Therefore,
away from the wall, the ability of uncontrolled POD bases to
reconstruct the controlled DNS data is expected to be much
better as depicted in Fig. 17, where cross projection recon-
structions are given for various values of wall normal dis-
tances. Clearly reconstruction improves away from the wall.

In order to compare the temporal behavior of the DNS
and the reconstruction data, we define a temporal rms value
as

K L
1
KL 2, 2 oz (19

rmg w,(t)]=

Figure 18 shows the rms values ®f for both (a) controlled
and (b) uncontrolled POD bases. Again, as controlled POD

Downloaded 09 Jun 2004 to 128.148.160.35. Redistribution subject to AIP license or copyright, see http://pof.aip.org/pof/copyright.jsp



Phys. Fluids, Vol. 16, No. 8, August 2004 POD reconstruction of a transitional boundary layer 2779

0.06 0.06 0.06f

0.05 0.05F 0.05F

0.04 0.04 0.04f

>0.03 >0.03} >0.03F

0.02 0.02 0.02f

0.01F¢ 0.01F 0.01F

.5

DNS (#/At=12120)

a) direct projection (i.e, DNS data belongs to the snapshot family)

0.06 0.06 0.06

0.05 0.05 0.05

0.04 0.04 0.04F

>=0.03 >0.03 >0.03

0.02 0.02 0.02

0.01 0.01F 0.01F

z

N=10 N=20 DNS (#/4t=15120)

b) cross projection (i.e, DNS data does not belong to the snapshot family)

FIG. 21. Reconstruction of the instantaneaysvia projection of POD modes. DNS data are also shown for comparison.

bases are optimal, a very accurate reconstruction is achievéOD modes. DNS data for controlled and uncontrolled cases
with the two or four most energetic modesee Fig. 18)]. are also shown for comparison. As expected, very good com-
Remarkably, uncontrolled POD modes can provide an accyparison is achieved as the modes are optimal. For example, if
rate description of DNS data as well. This shows that orone has to construct a low-dimensional model for uncon-
average temporal dynamics are well captured by the uncortrolled flow, a six-equation model shall be enough. In Fig.
trolled modes and appreciable differences, if any, can be exX20, on the other hand, a controlled streamwise vorticity field
pected in locations where the control is applied, i.e., locais reconstructed via Eq10), i.e., by cross projecting the
tions where the rigorous changes to the flow are made.  uncontrolled POD modes on the controlled data. Ror
Having compared the statistical averages via rms valuess 20, the reconstruction is very accurate. Up to here we have
we now compare instantaneous DNS datxaf7.5. Figure  essentially shown that POD modes extracted for a particular
19 shows a reconstruction of instantaneayssia controlled  flow parameter or condition may still be used to model the

76 20 30 20 50

1 1 1 J 0 1
10 20 30 40 50

Snapshots Snapshots
Cross projection (N = 10) Cross projection (N=20)

FIG. 22. Comparison of temporal rms values defined in (#4). Dashed lines denote the actual DNS data, solid lines denote the reconstruction. Note that
for the first 25 snapshot$/(At=12 120—15 000) the reconstruction is via the direct projection while for the last 25 snapgidts {5 120—18 000) it is via
the cross projection.
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FIG. 23. Comparison of temporal rms values defined in @4¢). Dashed lines denote the actual DNS data, solid lines denote the reconstruction via
least-squares method. Note that the total number of sensor poifts /X B where A is the number of spanwise data points, @ds the number of
wall-normal data points, i.ey/Ay=0,2,4,.... The snapshot§,2,...,50 correspond to timest{At=12 120,12 240,...,18 000).

flow with different parameters or conditions by modifying reconstruction. Figure 21 shows the reconstruction of a
the coefficients of the modes. present(unknown snapshot via cross projection formula as

V. RECONSTRUCTION OF FLOW DYNAMICS VIA oo T,
PREVIOUS POD MODES f r(y,z,t)ékzl ago®tt)wpeeRy,z), (15)

In this section, we will confine ourselves tmcontrolled
flow and investigate the possibility of reconstruction of model 4y rese reviou
“new” snapshots of the flow field by employing the POD a ()= JQ“’Q Ty,z, ) wE™"y,2)dQ. (16)
modes that are extracted from “previous” or “earlier” snap-
shots. This investigation is important in the sense that if the
flow field can be reconstructed accurately enough, an optimal In Fig. 21, we present the DNS data as well for compari-
control strategy can be chosen and applied efficiently withson. In addition, a comparison based on the temporal rms
the minimal power input, for example. First of all, as in Sec.value defined in Eq(14) is provided in Fig. 22. Both Figs.
IV, the “cross projection” approach will be used in order to 21 and 22 show that the POD modes extracted from previous
check the “applicability” of previous POD modes for the (or earliey snapshots may be used to reconstruct the
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FIG. 24. Reconstruction of the instantaneaysat t/At=15 120 via least-squares projection of POD modes. DNS data are also shown for comparison.

“present” dynamics of the flow by appropriately modifying the temporal coefficients without the necessity of a low-
the temporal coefficients. According to E@.6), the cross dimensional model. We argue that by providing flow data
projection approach actually requires all the present data tonly at selected locationsy(,z) and employing a least-
be known in order to calculate the temporal coefficientssquares fit on Eqg(15), one can calculate the model coeffi-
Therefore, Eqs(15) and(16) essentially represent the recon- cients without requiring the use of E(L6). Particularly, we
struction of present data employing the previous PODcan write a least-squares error as

modes. On the other hand, using POD modes, one usually

needs to construct a low-dimensional model for the dynam-

ics of temporal coefficients based on the Navier—Stokes N 2

equations and check the performance of the low-dimensional E= min{ > { ( > ajqu’k) _wx,k} } (17
model against the cross projection formula. Low- k=1 {[\i=1

dimensional models, then, can be used to predict the flow

dynamics for later times. The construction of low-

dimensional models is beyond the scope of the present papemd a least-squares fit formulation reduces to the following
However, we will propose a new method in order to calculatesystem of algebraic equations for the temporal coefficients:

Downloaded 09 Jun 2004 to 128.148.160.35. Redistribution subject to AIP license or copyright, see http://pof.aip.org/pof/copyright.jsp



2782

Phys. Fluids, Vol. 16, No. 8, August 2004

“ TN /\ ;
ﬂo y 20 30 20 50
Number of snaphots
a)N=6,P=101x1
‘”\
\ / /
’v/ \ i / ‘ﬁ\ /\\ /M p
J /\ | \‘ /\ i ! / \ ™
/\/\ \/\ [ A N A
VAR AV AVANRAAVEAY
\’/ \r \ // ‘t f = \ /,I V/ \/ \Q‘ 7
\j / \ / A iV
_\‘; \J \‘, ¥ \v/
70 : 25 30 5 50
Number of snaphots
b)N=10.P=10Ix1
4
,\ i
//\\ i //\ /\. A /
b i | !’\ e “’ /\
VRNV A N AU WAN!
c’ \H/J | / | / \// \\/ Vo \‘\ e O /‘/ vl
BRI R
R . . .
10 20 30 40 50
Number of snaphots

C)N=20,P=101x1

FIG. 25. Instantaneous, at point (y=0.0103,z=0.5023) for different
number of moded\. Least-squares fit is based & 101X 1 data points.

] . ; ]
2 Vi 2 Wyl 2 YW
P P P
DR TR PPN N VA
k=1 k=1 k=1
P P
DI ZTA ZNPEED S Y% > VE,
| k= k=1 k=1 J
. ]
> oy (W1
al(t) P
a(t
K| 2O || & x| 18
an(t) ST

El ok (DWy

H. Gunes and U. Rist

and we input the values of selected DNS data into the RHS
of Eq. (18). Note that for the temporal behavior of coeffi-
cients, the coefficient matrix remains the same for a given
number of modes and only the RHS column vector needs to
be updated. Therefore, employing an LU decomposition,
temporal coefficients can be calculated efficiently for in-
creasing times. Figure 23 shows the temporal rma ptie-
fined in Eq.(14). Solid lines are calculated by the least-
squares method described above with 20, while dashed
lines again denote DNS data. Figure 23 shows that by pro-
viding (measuriny as few asP =36 data point$Fig. 23b)],

the essential dynamical behavior of the flow for later times
may be adequately reconstructed. With an increasing number
of pointsP, a very good agreement can be obtaifwek Fig.
23(d)], for P=120. We have to mention here that not only
the number of point® taken for the least-squares fit method
is important, but also the locations of these points. For ex-
ample, our numerical experiments show that providing only
wall data along the spanwise directioiP€101 in the
present cagewill not give an acceptable result. We find that
sparse spanwise data along with near-wall data provide much
better result$see Figs. 2@l) and 23f) for comparisomh We

do not claim that the locations we have chosen are optimal.
However, as long as such data are accessible to sensor capa-
bilities in a real flow, it should not be a concern. In addition,
the necessity of providing enough near-wall data can possi-
bly be transformed to measuring the gradients of the vari-
ables at the wall simultaneously. Here, we would like to
point to the “vorticity flux” as reported in Ref. 29 which
relies on the fact that the wall-normal vorticity gradient is
related to wall-parallel gradients of the pressure, i.e., for
practical purposes it should be sufficient to have a fine-
enough array of pressure sensors at the wall. On the other
hand, since the flow physics is present in any flow quantity
one could take any sensor information for our reconstruction
process, i.e., not only, which we suggested.

While Fig. 23 shows the temporal behavior of spatially
averaged data, in Fig. 24, we present reconstructions of in-
stantaneous spatial distributions @f, data as obtained by
the least-squares method. DNS data are also shown for com-
parison. We note that although basic flow structures are cap-
tured with the minimal number of points, considerable data
points are required to capture detailed features near the sym-
metry plane. Figure 25 presents the instantaneguat the
point (y=0.0103, z=0.5023) for different numbers of
modes,N. It is seen that for a fixed number of data points
and locations, the reconstruction is significantly improved
with increasing number of modes because more information
is captured from the previous shapshots. It is certain that for
the robustness of the approach we require an adequate num-

In Eq. (18), P denotes the total number of data points, whereber of modes for reconstruction as seen from Fig. 25. Note
P<(KXL) while N denotes the number of most energeticthat the flow dynamics beyond the 25th snapshot can be
modes and determines the size of the coefficient matrix. Ifeconstructed very well here using the least-squares method
practice, suitable sensors can be used at various locations With N=20 previously calculated POD modes. We also see
the flow (usually on and near the walin order to measure from Fig. 25c) that the reconstruction for the first 25 snap-
the desired quantities. Thus, the right-hand $RIES) of Eq.
(18) can be experimentally determined in a typical applica-tion. On the other hand, because the values for the last 25
tion. In our case, however, we have the DNS data availablsnapshots are calculated via the least-squares method and the

shots is virtually error-free foN=20 due to direct projec-
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number(and location of data pointsP. Least-squares fit based &h=20
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equationgmodes$. Dashed lines denote the actual DNS data.
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VI. CONCLUDING REMARKS AND OUTLOOK

In this paper, it is shown that POD modes extracted for a
particular flow condition may be used to model the flow with
modified conditions(through a control action, a change of
Reynolds number, etfcby modifying the coefficients of the
modes. It is expected that mode coefficients have to be com-
puted based on the modified conditions. While the cross pro-
jection approach is useful to evaluate the “suitability” of the
non-optimal POD mode§.e., whether POD modes can be
used for modified conditionsit has no practical use in the
reconstruction of the unknown flow dynamics as it requires
the complete flow field to be knowa priori. On the other
hand, the least-squares approach introduced in this paper of-
fers a simple and effective approach to calculate the temporal
coefficients.

In practice, the method can be based on experimental
data and the following outlook can be presented. Employing
POD modes extracted from the upstream flow-field stations,
the downstream flow field could possibly be predicted com-
pletely by utilizing sensors at a few selected downstream
locations. In addition, by including the predicted snapshots
into the available snapshot data, the POD modes could per-
haps also be updated. With the POD modes evolving down-
stream, the flow field may be predicted for large downstream
distances. In this way, the integration of simulation and ex-
periment may be realized. Referred to as the “computational
paradigm” by Maet al.*° this approach allows simulation
and experiment to work as “a symbiotic feedback” for com-
plex flow systems. Therefore, with this approach “potential
steering of the experimental measurements in real time”
might become possible as envisioned by &taal*°

As the most energetic POD modes for controlled and
uncontrolled modes show a remarkable similarity, and unlike
for turbulent flows, for transitional flows a small number of
POD modes can usually capture most of the flow energy, the
reconstruction method proposed here may be also used for
online control tools. Such a possibility of controlling transi-
tion via low-dimensional models will be investigated in fu-

ture work.
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