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Summary

In the present paper, the influence of a pressure gradient on the acoustic roughness receptivity
is investigated by means of wind tunnel experiments and Direct Numerical Simulations (DNS).
The receptivity function for three different locations of a 3-D surface non-uniformity on a 2-D
airfoil is calculated from the experimental and numerical data and compared to each other. The
combined effects of the roughness acoustic receptivity and the amplification of the generated
disturbances are taken into account in order to evaluate the position on the airfoil at which a
surface non-uniformity is most dangerous in provoking an early transition.

Introduction

The problem of the boundary layer transition from laminar to turbulent flow still attracts much
attention because of its fundamental and practical importance. It has three main parts. First,
there is the laminar flow receptivity to external (acoustic or vortical) perturbations. The second
part is the region where the boundary layer instabilities develop according to linear stability
theory. And finally, there is the nonlinear flow breakdown to turbulence. This paper is devoted to
experimental and numerical investigations of the linear 3-D acoustic receptivity of a 2-D laminar
boundary layer in the presence of a localized (3D) quasi steady surface non-uniformity. Pressure
gradients strongly influence the amplification of disturbances in a transitional boundary layer.
The location of transition is not only determined by the amplification of the disturbances, but
also by their initial amplitude. As the initial amplitude itself is determined by the process of
receptivity, it should be of interest whether a large scale pressure gradient may have an influence
on the receptivity of a boundary layer to freestream perturbations.

This problem has been poorly studied so far. Most studies consider a Blasius flow as base flow
[8], [6]. The 3-D vibrational receptivity of a 2-D self-similar boundary layer with an adverse
pressure gradient was investigated experimentally in [5], and recently the influence of a favorable
pressure gradient was studied in [4]. A numerical investigation on the influence of the pressure
gradient on boundary layer receptivity can be found in [1]. In the present study, we would like to
determine the role a large scale pressure gradient plays with regard to the acoustic receptivity of
a boundary layer in the presence of a small scale surface non-uniformity on an airfoil.

In an earlier experiment and accompanying DNS, the acoustic receptivity function of a 3-D
roughness element on an airfoil was determined quantitatively [13]. The receptivity function was
defined as the ratio of the initial (i.e. at the surface non-uniformity) amplitude of the instability
wave, generated in the boundary layer, to the amplitude of the external acoustic perturbation and
the amplitude of the corresponding (localized) surface non-uniformity
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for every spanwise and streamwise wave number of the developing TS-wave train as proposed in
[3]. The surface roughness was located at the point of neutral stability of branch I for the investi-
gated frequency (1088 Hz). It is located at s

smax
� 20% on the symmetrical airfoil (XIS40MOD)

[11], figure 1. The boundary layer profile at this position
�
H12 � 2 � 58 � is close to that of the

Blasius boundary layer figure 2, and therefore the accompanying DNS could be performed for
the Blasius flow [9].

In a preliminary investigation, two additional positions were chosen for the present study.
The position s

smax
� 15% corresponds to a favorable pressure gradient (figure 1). The position

s
smax

� 30% lies in the region of the instability ramp of the airfoil figure 1. DNS were performed
for Falkner-Skan self-similar boundary layers. For the position s

smax
� 30% a Falkner-Skan profile

with Hartree parameter βH �	� 0 � 05 was used and for position s
smax

� 15% a Hartree parameter
βH � 0 � 05 was used see figure 2.

Numerical Approach

The DNS are based on the velocity-vorticity formulation of the complete Navier-Stokes equations
for incompressible fluids.

∂ω
∂t
� rot

�
v 
 ω ��� 1

Re
∆ω

with v � � u � v � w � and ω � � ωx �ωy �ωz �

All lengths are non-dimensionalized using a reference length L̃ and all velocities using the
freestream velocity Ũ∞ at the inflow boundary, where ˜ denotes dimensional variables. A sketch
of the integration domain is shown in figure 3. The flowfield is discretized using fourth-order ac-
curate finite differences in streamwise (x-) and wall-normal (y-) direction, and a spectral method
in spanwise (z-) direction. The time integration is done using a fourth order, four step Runge-
Kutta scheme. Details concerning the numerical method can be found in [7].

A pressure gradient is imposed on the boundary layer by prescribing the streamwise velocity
at the upper boundary of the integration domain. For the study shown here, this is done using the
Falkner-Skan ansatz for self similar boundary layers. This means that the streamwise velocity at
the upper boundary ue is set to:

ue
�
x ��� u0 � xm � with m � βH�

2 � βH �
If βH � 0 the flow is decelerated, which means that an adverse pressure gradient is imposed,
whereas for βH � 0 the flow is accelerated or a favorable pressure gradient is imposed.

The sound wave is modelled using the analytical solution of the second Stokes’ problem. This
solution is added to the steady Falkner-Skan or, at zero pressure gradient, Blasius velocity profile,
which is prescribed at inflow. The small roughness element within the equidistant cartesian grid
is modelled by extrapolating the velocity at the lowest row of grid points in such a way as to fulfil
the no-slip and the non-permeability condition at the surface of the roughness. This is done using
fifth order polynomials in y � direction which are consistent to the finite difference representation
of the flowfield.



In contrast to the experiments, the interaction of a planar sound wave with a roughness ele-
ment of one discrete spanwise wave number is calculated, and the complex receptivity function
is evaluated for every spanwise wave number separately. For the 2-D case, the evaluation of the
receptivity function requires four numerical simulations. In the first simulation the steady flow
over a flat plate with a roughness element located at a certain distance from the leading edge
is calculated using the unsteady Navier-Stokes equations starting with the flow over a flat plate
without roughness. In the second simulation, the interaction of the sound wave with the rough-
ness is calculated using the previously calculated steady flow as initial condition. The difficulty
now is to extract the Tollmien-Schlichting(TS) wave, which is created by the interaction of the
sound wave with the roughness, from the total solution. There are two problems. The first one
is that the sound wave itself has the same frequency as the created TS-wave, and the second
is that there is a numerically created TS-wave resulting from an approximate inflow condition.
These problems are solved using a method suggested by Crouch & Spalart [2]. Therefore, a third
simulation is needed including the sound wave but no roughness. In this simulation the TS-wave
created at the inflow boundary is also present. So the TS-wave created at the roughness can be
extracted from the total solution by subtracting the results of the third simulation from the results
of the second one. Next, a Fourier analysis is used to determine the amplitude and phase part
of the TS-wave at every streamwise position. The ‘theoretical’ amplitude of the TS-wave at the
center of the roughness element is found by matching the amplitudes of the TS-wave created by
the interaction with the amplitudes of a TS-wave created in a fourth simulation (the so called ref-
erence simulation) by blowing and suction at the wall upstream of the roughness element. This
can be seen in figure 5, where the amplification curve of a TS-wave which is created by the inter-
action of a sound wave with a surface non-uniformity located at Reδ1

� 1205 within an adverse
pressure gradient region is shown together with its reference simulation. For the 3-D case, the
third simulation is not necessary because the TS-wave can be distinguished from the sound wave
and the numerical TS-wave because of its different spanwise wave number.

Experimental Approach

The hot-wire measurements were carried out in the Laminar Wind Tunnel of the Institut für
Aerodynamik und Gasdynamik [10]. The high contraction ratio of 100:1, as well as five screens
and filters, result in a very low turbulence level of less than 2 � 10

� 4. Downstream of the airfoil
model a loudspeaker was mounted in a streamline shaped housing to insert the sound wave with
a frequency fac � 1088Hz as external perturbation. This sound wave had a sound pressure level
of approximately 100dB in the test section, that is 16dB higher than the natural sound pressure
level for the frequency range 10Hz � 5000Hz of the wind tunnel itself.

The roughness was modelled by the deflection of the membrane of a vibrating source [12].
The active diameter

�
6mm � was chosen to be approximately one half of the TS-wavelength (at

fac) to allow a significant amount of amplitude at higher spanwise wave numbers. The membrane
is vibrating with a very low frequency compared to the acoustic frequency fv : fac � 1 : 64. This
leads to an amplitude modulation of the resulting TS-wave, which is visible in the spectrum as
discrete sidepeaks at frequencies fT S1 � 2 � fac

� fv. The TS-waves at these combination frequen-
cies result from the scattering of the sound on the surface vibrator only. They are separated from
the TS-amplitude at fac which is contaminated by signals from different sources (acoustic, probe
vibration etc.). On the other hand, the ratio between the acoustic frequency and the frequency
of the surface vibrations is big enough that the roughness can be assumed quasi stationary and
the resulting receptivity function can be compared to DNS for stationary roughness. The shape



of the membrane was measured and double Fourier transformed in streamwise and spanwise di-
rection in order to determine the complex wave number spectrum of the surface vibration at the
vibrational frequency:

�
Av
�
α � β ���

� ∞

� ∞

� ∞

� ∞

�
Am
�
s � z � � e � i � αs � βz � dsdz �

Therefore, the resulting receptivity function is independent of the actual shape of the roughness.
The ratios between the frequencies were chosen as integer powers of two

�
fv : fac : fsamplerate �

1 : 64 : 8 � and the frequencies were strictly phase locked because they were subdivided from a
single quartz based clock. Therefore it was possible to use both the amplitude and the phase part
of the Fast Fourier Transform of the hot-wire signal for further data processing. The measurement
procedure was controlled by a PC and the results were monitored online. The complete setup is
sketched in figure 4. Details on the setup, the measurement procedure and data evaluation can be
found in [12].

Two main sets of data were collected, consisting of 13 respectively 5 scans in spanwise direc-
tion which covered the whole width of the TS-wave train developing downstream of the rough-
ness. The time signals at every measurement point were analyzed with a FFT and the complex
amplitude

�
AT S � 1 � 2 � raw

�
si � z ��� AT S � 1 � 2 � raw

�
si � z � � eiφTS � 1 � 2 � si � z �

formed by the amplitude part
�
AT S � 1 � 2 � raw � and the phase part

�
φT S � 1 � 2 � for the combination fre-

quencies was used for further processing. The amplitudes were normalized by the local freestream
velocity Uδ. The phases were corrected in streamwise and spanwise direction by adding multi-
ples of 360o. The wave train at the right combination frequency developing downstream of the
source at s

smax
� 15% is plotted in figures 7 and 8. The complex values of the wave train in phys-

ical space were mapped for each spanwise cut to wave number spectra by the complex Fourier
transform

�
BTS
�
si � β ���

� ∞

� ∞

�
AT S
�
si � z � � e � iβzdz �

After this decomposition, the downstream development of waves with different spanwise wave
numbers can be followed separately.

Similar to the procedure used in the DNS the initial amplitude at the position of the roughness
is found by comparison to a reference amplification curve. The reference in the experimental
case is the amplification as it is predicted by the linear stability theory. This is sketched in figure
6 for the wave number β ��� 0 � 269 1

mm and the roughness located at s
smax

� 15%. In the same
figure, the phase part for the same wave number is plotted. The phases for all wave numbers
can be interpolated by a straight line. The gradient of this line corresponds to the streamwise
wave number αr of the TS-wave. As a result, a dependence of αr on β can be obtained which
is called the dispersion dependence. The propagation angle can be found as θ � arctan β

αr
. From

the double Fourier decomposition of the shape of the membrane, the vibrational amplitudes that
generate eigenmodes of the boundary layer can be found along the dispersion function.

Results

The receptivity function as a function of the propagation angle θ is shown in figure 9 for the
three investigated streamwise positions of the roughness element. The big symbols mark the



results of the DNS which are in excellent agreement with the experimental results. The velocity
fluctuations (BinTS � Aac) are normalized with the freestream velocity Uδ at the position of the
roughness, and all linear dimensions

�
Av � dz � ds � are normalized with the displacement thickness

δ1 of the boundary layer at the position of the roughness element which is indicated in figure 9.
As a result of this normalization, the receptivity function depends on a local value of the boundary
layer, the displacement thickness δ1. In order to be able to study exclusively the dependence of
the acoustic receptivity on the external pressure gradient, DNS were performed where all other
parameters, particularly the Reynolds number Reδ1

, based on the boundary layer displacement
thickness, were kept constant at the location of the surface non-uniformity.

In figure 10 the receptivity function Gav for a 2-D roughness element located at Reδ1
� 1205

is plotted versus the wall shear stress, which is non-dimensionalized by the freestream velocity
and the displacement thickness at the location of the roughness element. It can be seen that for
the cases studied the acoustic receptivity depends only weakly on the external pressure gradient.
The wall shear stress at the roughness lies between 0 � 54 � 0 � 62 which leads to a change in the
receptivity coefficient of about 15%. Similar to the results for vibrational receptivity, a favorable
pressure gradient leads to an increase in the acoustic receptivity whereas an adverse pressure
gradient reduces it. This means that the acoustic receptivity behaves in reverse to the instability
which is decreased by a favorable pressure gradient and increased by an adverse one. This can
be explained as follows: The wall shear stress dU

dy is a function of the Hartree parameter βH and
increases if the flow is decelerated. The roughness enters the receptivity mainly by the fact that
the steady part of the streamwise velocity U at the lowest row of grid points scales with h � dU

dy
(see also [1]). So this is the reason why the receptivity function for a roughness located at a fixed
Reδ1

scales with the local wall shear stress.
For practical application, it is of great interest to find the position on the airfoil where a rough-

ness with constant height results in the highest TS-amplitudes far downstream. If we assume a
disturbance with Aac � Av � 1

δ1
constant for every propagation angle θ, we find the initial TS-

amplitudes as BinT S � Gav � AacAv. We consider a control position far downstream of the rough-
ness at s

smax
� 45 � 2%. The N-factor from the roughness position to this control position, Nc, can

be found in figure 1, and the amplitudes at the control position BTS � 45 � 2% � BinT S � eNc are plotted
in figure 11. The relation between these amplitudes reflects the relation of the amplitudes re-
sulting from a roughness of constant dimensional height placed at different streamwise positions
close to the instability point of the airfoil. Figure 11 shows that a roughness element placed at
branch I of the neutral stability curve

� s
smax

� 20% � leads to earliest transition.

Conclusion

We have shown experimental as well as numerical results concerning the influence of a pres-
sure gradient on the acoustic roughness receptivity in the boundary layer of a 2-D airfoil. The
receptivity functions evaluated experimentally for three different positions of the surface non-
uniformity on the airfoil and numerically for Falkner-Skan flows with three different Hartree
parameters agreed very well. The values of the receptivity function didn’t change much when
the position of the surface non-uniformity on the airfoil was varied. This is also due to the fact
that the receptivity function as it is defined here depends on the length scale that is used for non-
dimensionalization. Since here the local displacement thickness at the location of the roughness
was chosen, the influence of the pressure gradient on the receptivity could not be completely
separated from the influence of the growth of the boundary layer.



Therefore, DNS were performed where Reδ1
at the location of the roughness as well as the di-

mensionless frequency F were kept constant so that we were able to study only the influence of
the pressure gradient. This study showed that a favorable pressure gradient increases the acoustic
roughness receptivity whereas an adverse pressure gradient slightly reduces it, which is in ac-
cordance with increased and decreased wall shear stress, respectively. This influence is contrary
to the influence of the pressure gradient on the instability of the boundary layer. If we take into
account that a combination of both effects determines the amplitude of the boundary layer dis-
turbances far downstream, it turns out that the influence of the pressure gradient on the acoustic
roughness receptivity is much weaker than its influence on the boundary layer stability. Therefore
the most dangerous position for a surface non-uniformity on an airfoil with respect to transition
is the location of branch I of the neutral stability curve.
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