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Abstract. A laminar boundary layer separates in a region of adverse pressure gradient on a

at plate and undergoes transition. Finally the turbulent boundary layer reattaches, form-

ing a laminar separation bubble (LSB). Laminar-turbulent transition within such a LSB

is investigated by means of Laser-Doppler-Anemometry (LDA), Particle Image Velocime-

try (PIV), and direct numerical simulation (DNS). The transition mechanism occurring in

the ow-�eld under consideration is discussed in detail. Observations for the development

of small disturbances are compared to predictions from viscous linear instability theory

(Tollmien-Schlichting instability). Non-linear development of these disturbances and their

role in �nal breakdown to turbulence is analysed.
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1 Introduction

Transition to turbulence in a laminar separation bubble in low free-stream
turbulence-level environments is caused by strong ampli�cation of small dis-
turbances. Since velocity pro�les in the separated region possess an inection
point, ampli�cation of these two-dimensional disturbances is often attributed
to an inviscid mechanism as in free shear-layers (Kelvin-Helmholtz instability).
Considerable discussion is still ongoing as to the origin of three-dimensionality
and the impact of three-dimensional disturbances on the transition process.
Recent investigations of laminar separation include an experimental study of

a LSB excited by an impulsive point-source disturbance [12]. There, the expo-
nential growth of a travelling wave-packet was attributed to a linear behaviour,
but no attempt to compare results to linear theories was made. Transition in a
LSB employing DNS was examined in [1] with controlled disturbance forcing.
In addition, inectional velocity pro�les �tted to the DNS results were theoret-
ically studied to determine parameters for the onset of absolute instability, but
without direct comparison to DNS results. In [10] it is suspected that Kelvin-
Helmholtz instability is involved in their DNS of the unforced breakdown pro-
cess in a LSB. The occurrence of a region dominated by Kelvin-Helmholtz
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instability is discussed in detail in [13], concluding that the separation bubble
is likely to become inviscidly unstable via the Kelvin-Helmholtz mechanism.
In [8] it was shown that viscous linear stability theory can be reliably applied
for quantitative prediction of two- and three-dimensional disturbances using
base-ow pro�les from DNS.
Concerning the onset of three-dimensionality, [8] concluded that secondary

ampli�cation according to Floquet theory, is unlikely to be observed in LSB's.
Instead, they propose breakdown of weakly-oblique travelling waves as the
probably fastest route to turbulence in certain types of separation bubbles.
Recently, a mechanism of absolute secondary instability of three-dimensional
disturbances in separation bubbles with fairly strong pressure gradients and/or
high Reynolds number Re�1 at separation was discovered ([6]).
Despite all these e�orts, no detailed quantitative comparison of numerical

results and experimental data obtained in a LSB has been made up to now, in
particular for unsteady phenomena. In the present work it will be shown that
by mutual comparison of results from direct simulations and measurements,
supplemented by predictions from linear theory, mechanisms leading to the
breakdown to turbulence in existing experimental facilities can be identi�ed in
a way that is not possible when applying only one of these methods.

2 Investigation Methods and General Properties of the Flow Field

In this section, experimental and numerical methods applied to the investiga-
tion of the ow �eld containing a LSB are described. This includes the methods
of generation of the unsteady LSB as well as observation strategies for the most
important ow variables of the ongoing physical processes. General proper-
ties of the LSB under consideration are compared for the experimental and
numerical case to be used as a base ow for subsequent theoretical stability
investigations.
Transition in the experimental case is triggered by a combination of two- and

three-dimensional steady and unsteady disturbances. In the DNS, the dis-
turbed modes are chosen in a way that the experiment is accurately modelled
as will be shown later. DNS can be applied as a tool to extract the e�ect of
certain disturbances on transition location and general properties of the LSB.

2.1 Experimental Set-Up

The laminar water tunnel at the IAG was especially designed to study transi-
tion in a Blasius boundary-layer and in a separation bubble [11]. A at plate
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with an elliptical leading edge is mounted in the free stream of the test sec-
tion. Because of the large scales and low frequencies in water, this facility is
very suitable for ow visualisation and measurements with high resolution in
space and time. A streamwise pressure gradient is imposed on the at-plate
boundary-layer by a displacement body. In the region of adverse pressure gra-
dient (x > 0 mm), a pressure induced laminar separation bubble is generated
(Fig. 1). To prevent separation and transition on the displacement body itself,
the boundary layer is sucked o�.
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Fig. 1: Experimental set-up and numerical integration domain

The experiment is performed under controlled conditions. A small amplitude
2-D harmonic wave is excited upstream of the displacement body by an oscil-
lating wire. Additionally, 3-D disturbances are imposed by placing thin metal
plates (spacers) regularly underneath the wire [3, 4]. All measurements are car-
ried out phase-locked with respect to a reference signal from the disturbance
source. The fundamental frequency (f0 = 1:1Hz) corresponds to the frequency
which is most ampli�ed according to linear stability theory. The spanwise
wavelength of the 3-D disturbance input is set to �z = 58 mm, so that regularly
appearing vortex structures can be seen in the transition region (Fig. 2).
The applied 2-D LDA (Dantec) measures the velocity components U(t) in

mean ow direction and the vertical component perpendicular to the at
plate V (t). The PIV system was composed in cooperation with the Deutsche
Forschungszentrum f�ur Luft- und Raumfahrt (DLR). It consists of a double
pulsed Nd:YAG laser (150 mJ=pulse), a high resolution CCD-camera (PCO
SensiCam, 1280 px� 1024 px) and an external sequencer. The good optical ac-
cess to the test section of the laminar water-tunnel allows PIV measurements
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Streamwise direction

Fig. 2: Flow visualization in the transition region. Two simultaneous Laser light

sheets in xy-plane and yz-plane (x = 330 mm), respectively.

to be carried out in all cartesian planes. Thus, phase-locked PIV measurements
can be performed including the spanwise velocity component W , which is not
accessible with the 2-component LDA. This gives an important insight into ap-
pearing vortex structures during the rapid 3D-development of the transitional
boundary layer.
In contrast to hot-�lm anemometry, both applied non-intrusive measurement

techniques provide the possibility to identify velocities with their magnitude
and direction. In the transition region with its strong bidirectional velocity
uctuations, this is an important bene�t. Thus, the dividing streamline can
be determined directly from the measured velocity pro�les.
LDA measurements were performed in streamwise and spanwise direction.

The resolution in span was 16 points per �z and the record length of all mea-
sured points was about 30 wire cycles.
For an exact determination of the amplitudes and phases of the oscillations

in the ow a phase-averaging technique with respect to the oscillating wire
is used [4, 5]. A double Fourier transform in time and spanwise direction of
phase-averaged LDA data sets yield the amplitudes ah;k and phases �h;k of
the measured disturbance waves. The indices h and k denote wave-number
coe�cients in time and spanwise direction, respectively. Below, the notation
(h; k) will be used to specify the modes.

2.2 Numerical Method for DNS and Calculation Parameters

Spatial direct numerical simulation (DNS) of the three-dimensional incom-
pressible Navier-Stokes equations is used to compute the pressure induced LSB
described in the previous section. Fourth-order accurate �nite di�erences are
used for downstream and wall-normal discretization, while a spectral ansatz is
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applied in spanwise direction. A fourth-order Runge-Kutta scheme is used for
time integration. Upstream of the outow boundary a bu�er domain smoothly
returns the ow to a steady laminar state. The applied numerical method was
already described in detail in [7]. A small-amplitude two-dimensional time-
harmonic wave with period T2D = 1=f0 � 0:9s is forced upstream of the LSB
via blowing/suction at the wall. Additional steady spanwise-harmonic distur-
bances are excited by wall blowing/suction.
Physical parameters of the ow are chosen to match the experimental setup

introduced before. Numerical parameters are shown in table 1 (case LSB3D).
The inow is placed at the position of the narrowest cross section, resulting in a
computational domain as drawn in Fig. 1. Its spanwise extent is a single spacer
wavelength. The resolution was con�rmed to be su�cient by a calculation
with increased number of grid points (approximately by a factor of 1.5 in each
direction) yielding the same results for the quantities under consideration in
this paper. The discretization in x results in approximately 120 grid points
per streamwise wavelength of the fundamental wave.
A streamwise pressure gradient is imposed by prescribing a potential velocity

distribution for the streamwise velocity upotential at a constant distance y from
the wall (Fig. 3, dashed line), while the displacement e�ect of the boundary
layer is captured by a boundary-layer interaction-model [7].
The velocity pro�le at the inow boundary (x = 0mm) of case LSB3D was

obtained from a preceding two-dimensional DNS (case ACC2D) of a strongly
accelerated boundary layer, starting from a Falkner-Skan solution (Re�1 =

810;H12 = 2:53) at x = �400mm. The favourable pressure gradient was chosen to
match the experimental values beyond the narrowest section (Fig. 3), however
without strong deceleration. With this precursor calculation, the experimental
inow pro�le for subsequent case LSB3D could be retrieved (Fig. 4).
The potential velocity distribution upotential used in case LSB3D is chosen

according to measurements where separation was suppressed by arti�cially
causing transition prior to the laminar separation point (Fig. 3, open symbols).
The mean edge-velocity distribution ue emerging from the interaction-model
almost matches the experimental measurements with separation bubble (Fig. 3,
�lled symbols). Since this velocity condition at the upper boundary is not

Case Type Grid pts. �t=T2D xL[mm] yL[mm] zL[mm] = �z

ACC2D 2D 3330� 185 600 1700 50 -

LSB3D 3D 1778� 185� 27 600 800 50 58

Tab. 1: Computational parameters and box size.
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x [mm]

u
[-]

-400 -300 -200 -100 0 100 200 300 400 500

0.8

0.9

1

ue (DNS)
upotenial

Exp., without separation
Exp., with separation

RS

Fig. 3: Streamwise mean velocity at y = 50 mm. DNS results ue for case LSB3D,

potential velocity upotenial prescribed in DNS cases ACC2D and LSB3D; LDA mea-

surements with and without separation.

�xed in advance, it should already be considered a result of the DNS. Good
agreement of DNS data with experiments therefore gives a �rst evidence of the
comparability of the separation bubble observed in the experiment and in the
DNS. Furthermore, it should be emphasised that the actual velocity prescribed
at the upper boundary is highly unsteady from x � 320 mm onwards.

2.3 General Properties of the Laminar Separation Bubble

Computing boundary-layer properties in strongly accelerated/decelerated ow-
�elds cannot be done in a straightforward way because of considerable velocity
changes in the potential ow-region. Following [10], the displacement thickness
�1 is computed using a pseudo-velocity �u based on the spanwise vorticity !z:

�u(x; y) =

Z y

0

!z(x; s)ds; �1(x) =

Z y

0

�
1�

�u(x; y)

�uMax(x)

�
ds:

In the experimental case, the streamwise resolution is too coarse to calculate
the vorticity. However, it can be shown that the potential streamwise velocity
close to the plate is proportional to y2. Thus, the pseudo-velocity �u is calculated
according to:

�uExp(0; y) = u(0; y) � c � y2;

where the coe�cient c is determined by a best �t to the measured data. As
can be seen from Fig. 4, the pseudo-velocities �upseudo in the numerical and
experimental case perfectly agree with each other. Furthermore, the di�erence
to the true velocity is clearly visible. The maximum pseudo-velocity �uMax =
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Rex=0�1
Hx=0

12
Hx=0

32
Rex=xs�1

Rex=xs�2
xs[mm]

DNS 428 1.89 1.69 905 282 150

EXP 485 1.85 1.70 950 320 150

Tab. 2: Mean boundary-layer properties.

�u(x; ymax) in the smallest cross section (x = 0 mm) serves as a reference velocity
to normalize velocities.
In Tab. 2, a comparison of some boundary-layer parameters at inow and

at separation is given, while Fig. 4 (right) compares mean streamwise velocity
pro�les. Good agreement between DNS results and measurements reveals that
a separation bubble of approximately the same size and with the same amount
of reverse ow is formed. The last x position is close to the transition location.

u [-]

y
[m

m
]

0 10

20

100

150
200

250
x=300mm

thick line/symbols
correspond to the
separation location

u [-]

y
[m

m
]

0 10

20

40

60
upseudo

u

x=0mm

Fig. 4: Streamwise mean velocity pro�les (averaged in time and span) at several

streamwise positions up to the transition location (DNS: lines, Exp.: symbols).

3 Theoretical Analysis of Stability Properties of the Laminar Separation

Bubble with Respect to Small Disturbances

Linear stability theory (LST) is employed to describe the behaviour of small
disturbances. Solving the Orr-Sommerfeld equation for the spatial case gives
the complex eigenvalue �, where �r is the streamwise wave-number and �i

the streamwise ampli�cation-rate, and !r = 2�=f is the prescribed circular
frequency with the temporal ampli�cation-rate !i set to 0. The real spanwise
wave-number is denoted as  = 2�=�z. Resulting viscous instability waves are
known as Tollmien-Schlichting (TS) waves.
The investigations in this section are carried out a posteriori, using the time-

averaged ow-�eld just described as the underlying base ow. Since up to
a position close to roll-up of the shear-layer (x = 320 mm) the disturbances
remain fairly small (� 10%), time-averaging is justi�ed. However, it should be
stated that the LSB is quite sensitive to small disturbances even in its mean
properties ([2]). This sensitivity is not subject of the present paper.
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60.00
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f[
H
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0

0.5

1

1.5

2

2.5

3

neutral curve

(1,0)

S

Fig. 5: Stability diagram for the spatial case (!i = 0) calculated from the Orr-

Sommerfeld equation for  = 0 (left) and !r = 5:71 s (right).

In Fig. 5 stability diagrams are shown. It can be seen that ampli�cation starts
prior to separation (xs � 150 mm) and that a wide range of ampli�ed frequencies
exists within the separation bubble. The frequency of the harmonic wave forced
in DNS and experiment (dashed line in left part of Fig. 5) corresponds to the
overall most ampli�ed frequency. This mode (1,0) will later be denoted as
TS-mode. Furthermore, it can be seen that two-dimensional disturbances are
stronger ampli�ed than oblique waves (right part of Fig. 5).

4 Comparison of Results from DNS, Experiment and LST

Since the LSB is of highly unsteady character as emphasised before, it appears
inevitable to consider fully time- and space-resolved disturbance quantities
before claiming that the same physics are captured in the numerical and ex-
perimental investigations.
The �rst section of the LSB is dominated by a primary convective instability

of the two-dimensional TS-wave (see [6]). Therefore, the development of the
2-D TS wave appears to be very important and is examined in detail. Fig. 6
shows the ampli�cation curve for the streamwise velocity. It can be seen that
the TS wave (1; 0) is strongly ampli�ed in the region of adverse pressure gra-
dient. Experimental and numerical results perfectly match from x = 230 mm

onwards even shortly beyond saturation of the disturbance amplitude. Good
agreement with linear stability theory (LST) con�rms the primary convective
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[-]
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10-1

100

(1,0)
(2,0)
(1,0)
(2,0)
LST (1,0)

disturbance
strip S R

Fig. 6: Ampli�cation of the max. veloc-

ity uctuation u0

max. Results from DNS

(lines), LDA (symbols), and LST.

Av/Av,max

Φv

0 1

-4 -2 0

Av

Φv

(1,0)

u/umax

y
[m

m
]

0 1
0

10

20

30

(0,0)

ωz/ωz,max

Au /Au,max

Φu

0 1

2 4 6

Φu
Au

(1,0)

LST

Fig. 7: TS amplitude and phase distri-

butions. Results from DNS (lines), LDA

(symbols), and LST at x = 290 mm.

nature of the disturbance. Amplitude development predicted by LST is ob-
tained by integrating the ampli�cation rates of Fig. 5 in streamwise direction.
Wall-normal distributions of amplitudes and phases for the streamwise and

wall-normal velocities are compared in Fig. 7 at a location around the middle
of the region of linear ampli�cation. The detached shear-layer corresponds
to the part of maximum spanwise vorticity around y = 12 mm. It is at this
distance from the wall where the disturbance amplitude of the 2-D TS wave
reaches maximum values for the u-velocity, as in the case of a Kelvin-Helmholtz
instability.

5 Non-linear Disturbance Development

As can be seen from Fig. 6, calculation and experiment also predict the same
amplitude, growth rate and saturation level for the non-linearly generated
higher harmonic disturbance (2; 0). Both disturbances saturate at the position
of shear-layer roll-up (Fig. 8). At that streamwise position, strong vortical
structures can be observed in a plane parallel to the wall (Fig. 9).
In the experiment, a strong initial steady disturbance with half the spacer
wavelength (0; 2) can be observed (Fig. 10). From the good agreement with LST
for the development of the 2-D TS wave, as described in the previous section, it
can be concluded that the spanwise modulation of the base ow does not exert
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Fig. 8: Instantaneous view of spanwise

vorticity !z at z = 0 mm.
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Y=16 mm

Fig. 9: Instantaneous view of wall-

parallel velocities (PIV).

any inuence on 2-D instability characteristics of the ow �eld. In contrast, the
growth of spanwise modulated perturbations of fundamental frequency (1;�2)
is decisively a�ected by the presence of this steady mode. Strong growth of
these disturbances cannot be explained by linear theory (Fig. 5), nor by a
secondary (convective [9] or temporal [6]) instability, since it already sets in
well before the TS wave has gained a su�ciently large amplitude.

x [mm]

u’
m

ax
[-]

0 100 200 300 400 500
10-5

10-4

10-3

10-2

10-1

100

(0,2)
(0,2)
(1,2)
(1,+2)
(1,-2)

disturbance
strip S R

(1,0)
(1,0)

Fig. 10: Ampli�cation of the max. veloc-

ity uctuation u0

max. Results from DNS

(lines) and LDA (symbols).

Au /Au,max

Φu

0 1

-2 0 2

Φu

Au

(1,+2)

Av/Av,max

Φv

0 1

-2 0 2

Au

Φu

(1,-2)

u/umax

y
[m

m
]

0 1
0

10

20

30

(0,2)

Fig. 11: Amplitude and phase distribu-

tions. Results from DNS (lines) and LDA

(symbols) at x = 290 mm.

Instead, non-linear interaction between the TS wave (1; 0) and the large steady
disturbance (0; 2) generates modes (1;�2) with approximately the same ampli-
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�cation rate as mode (1; 0). Results from a spanwise-symmetrical DNS con�rm
this fact by showing the same growth rate for mode (1; 2) only in the presence
of a large steady disturbance. Agreement of amplitude and phase distributions
between experiment and DNS is reasonable (Fig. 11), albeit some deviations
from symmetry can be seen in the measurements, which are not included in
the DNS method in this study.
Despite the importance of three-dimensional disturbances for the breakdown

to turbulence, the dominance of the two-dimensional fundamental perturba-
tion even far downstream of reattachment is remarkable. Characteristics of
the separation bubble have proven to be the same in a DNS with and without
forced steady three-dimensional disturbances. The same holds for the exper-
iment with and without spacers, suggesting that the large initial disturbance
level plays only a minor role in the transition process. Instead, the domi-
nating mechanism at work seems to be an absolute secondary instability of
three-dimensional disturbances identi�ed by Maucher et. al. [6] which is inde-
pendent of the level of incoming 3-D disturbances. Di�erences in amplitude
and ampli�cation of DNS and experiment for mode (0; 2) are not critical.

6 Conclusions

A detailed comparison between measurements and numerical calculations of
the velocity �eld in a transitional separation bubble showed very good agree-
ment for time-averaged and the 2-D part of Fourier analyzed quantities. Tran-
sition in a separation bubble under consideration here is driven by convective
primary ampli�cation of 2-D TS waves, mainly determining the size and po-
sition of the bubble. This mechanism could be clearly identi�ed from the ex-
isting numerical and experimental data. The formation of spanwise variations
of the incoming 2-D ow �eld can be attributed to large steady perturbations
and non-linearly generated time-dependent disturbances. The inuence of the
amplitude of these disturbances was found to be negligible.
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