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Abstract
The stability of the laminar boundary layer developing on a ﬂat plate in the presence of a periodic row of roughness elements
is investigated. A Direct Numerical Simulation is performed to compute the steady ﬂow downstream of the roughness elements,
which contains a pair of two counter-rotating streamwise vortices per element, which can be considered as a “pre-streaky” structure.
The linear stability of this base ﬂow is analyzed by means of the so-called “biglobal” stability approach. Three-dimensional eigenmodes are found, which are shown to be the continuation of the Tollmien–Schlichting waves present in the case of an unperturbed
boundary layer. Moreover, a stabilizing effect due to the roughness-induced vortices is found. A Direct Numerical Simulation of
the interaction between a two-dimensional Tollmien–Schlichting wave and the roughness array is also performed. The computed
perturbation traveling downstream of the roughness elements is shown to be a linear combination of the biglobal eigenmodes.
© 2008 Elsevier Masson SAS. All rights reserved.
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1. Introduction
The mechanisms through which laminar boundary-layer ﬂows transition to turbulence have been studied for many
years, but their understanding and further their prediction and control still remain a challenging issue for aerodynamics scientists. For certain simple conﬁgurations, such as a two-dimensional (2D), zero-pressure-gradient boundary
layer, the path to turbulence in a benign disturbance environment is now well understood: a receptivity process to the
disturbance environment (free-stream acoustic waves or 2D surface roughness) generates unstable spanwise-invariant
Tollmien–Schlichting (TS) waves, which undergo linear exponential growth while traveling in the streamwise direction, followed by secondary instabilities, nonlinearity and ﬁnally a breakdown to turbulence. The process by which
three-dimensional surface roughness affects the laminar-turbulent transition is not as well understood, and substantial
recent efforts have focused on this subject. An important parameter used to assess the impact of roughness on laminarturbulent transition is the roughness Reynolds number Reh = uh · h/ν, where uh is the ﬂow velocity at the roughness
height h without the roughness present and ν is the kinematic viscosity of the ﬂuid. Roughness-induced transition to
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turbulence just downstream of the roughness location typically occurs when Reh ≈ 600 is reached [1]. Investigations
of such cases have been pioneered by Acalar and Smith [2] for the experimental side, and more recently by Tufo
et al. [3] and Matheis and Rothmayer [4], for the numerical side, for instance. The dominant mechanism here is vortex
generation and vortex shedding, i.e., a mechanism that completely bypasses linear instability mechanisms altogether.
Smaller roughness elements are expected to have a more subtle inﬂuence, because the ﬂow remains laminar at
the perturbation and laminar-turbulent transition occurs in its wake based on mechanisms which are not yet fully
understood. Roughness will enhance the receptivity of the boundary layer with respect to external disturbances, in
such way that another initial spectrum of disturbances exists compared to the smooth case. It may also enhance the
instability of the TS modes or even introduce new unstable modes, i.e. even the presence of subcritical roughness can
alter the transition to turbulence in a boundary layer in various ways.
Many studies have investigated the ﬂow around isolated 3D surface humps, especially with the help of asymptotical
methods. For instance, the pioneering work of Bogolepov [5] gave the classiﬁcation of ﬂow around surface roughness,
while Lipatov and Vinogradov [6] studied one of these ﬂows both theoretically and numerically. The present work
will rather focus on the ﬂow generated by periodic arrays of roughness elements, which can be in some cases very
different from the one around an isolated surface distortion.
1.1. From roughness-induced vortices to streamwise streaks
Historically, Landahl [7] found out that in shear ﬂows disturbances in the form of streamwise vortices are very
effective in transferring high-speed ﬂuid to the low-speed ﬂuid region while simultaneously low-speed ﬂuid is transferred to the high-speed region. This “lift-up effect” eventually leads to large elongated spanwise modulations of the
streamwise velocity called streamwise streaks. These streaks undergo an algebraic growth, which is also called transient growth (see, e.g., Reshotko [8]). This mechanism is involved in “bypass transition”. Theory of optimal transient
growth [9,10] has shown that the most dangerous initial perturbations consist of steady streamwise vortices.
A ﬁrst direct numerical study of the ﬂow created by an array of 3D shallow bumps was performed by Joslin and
Grosch [11]. They reproduced the experimental conﬁguration of Gaster et al. [12]. They gave a ﬁrst insight into the
structure of the ﬂow downstream of the bump and showed the existence of a complex pattern of streamwise vorticity. More recently, work has focused on understanding whether streaks can be generated by 3D roughness elements,
and whether the growth of the associated steady disturbances is optimal or not. Tumin and Reshotko [13,14] have
developed a theoretical analysis based on the expansion of the linearized Navier–Stokes equations into the biorthogonal eigenfunction system. They showed that behind one roughness element there are counterrotating vortices that
bring the high-speed ﬂuid down into the wake region, but transient growth has not been observed in their model.
Some experiments have been performed by White and coworkers [15,16] and by Fransson et al. [17]. They both considered a periodic array of roughness elements and observed downstream of each roughness element the stationary
disturbances created by the streamwise vortices. These disturbances evolved far downstream into low- and high-speed
streaks. They also found that these disturbances underwent suboptimal transient growth. Numerical investigations on
the same conﬁgurations have been performed by Choudhari and Fischer [18,19]. They reproduced the major trends of
the aforementioned experiments, and they also studied the stabilizing effect of the roughness-induced streaks on the
ampliﬁcation of pre-existing unsteady TS waves in the boundary layer.
1.2. Stabilizing effect of the roughness-induced streaks
Indeed, in parallel to the investigations on the nature of the roughness-induced disturbances, some researchers
have focused on the use of roughness elements as a passive mechanism for delaying transition to turbulence. This
idea comes from the theoretical work of Cossu and Brandt [20], which shows that the presence of optimal streaks in a
boundary layer induces a lower spatial growth rate of unstable TS waves. Kogan and Ustinov [21] have shown a similar
effect with a spanwise-periodic stationary mass force distributed in the streamwise direction, which could increase
the laminar ﬂow interval by three to four times. Fransson et al. [22–24] have conducted wind-tunnel experiments in
which they have generated stable steady streaks by means of roughness elements, as explained in the previous section,
and they have shown that these streaks were effective in reducing the growth of the TS waves.
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1.3. Aim of the present study
In the present study, we will focus on the close vicinity of a roughness element. In this region the process of
transient growth has not yet transformed the roughness-induced vortices into the so-called streamwise streaks. The aim
of this work is to investigate the stability of this strongly spanwise-varying ﬂow (whereas the works aforementioned
investigate the stability of the established streaks, which are sinusoidal in the spanwise direction). In the following,
we will use for the considered ﬂow the denomination “pre-streaky” ﬂow. This stability study will be done by different
methods, which will be compared and connected. A Direct Numerical Simulation will provide both the input ﬂow for
the linear stability computations, and the benchmark disturbances to be compared with the stability study results. The
stability study will be performed by a biglobal1 linear stability method. With this approach, it is possible to compute
the instabilities associated to a base ﬂow which is inhomogeneous along two spatial directions. On the contrary, the
classical local stability analysis can only consider base ﬂows inhomogeneous along a single spatial direction. The
biglobal approach has been applied successfully to various physical problems. For a review, the reader may refer to
the work of Theoﬁlis [25]. A second aim of the study is then to explain how the biglobal results can be connected to
the DNS ones, and what new information they can bring out.
The article is organized as follows. First the studied conﬁguration is deﬁned in Section 2. Then in Section 3, we
describe the DNS code which is used to compute the steady base ﬂow. In Section 4 the biglobal stability analysis is presented: both theoretical and numerical aspects are introduced. Some temporal stability results are given in Section 5.
A classical local stability analysis is used to show how these results enlighten the perturbative effect of the roughness
element. In Section 6 a spatial biglobal stability approach is carried out, and the roughness effect on the stability of the
eigenmodes’ streamwise evolution is discussed. Next, we show in Section 7 how to compare the biglobal eigenmodes
to the disturbances computed by the DNS. Finally, in Section 8 the spatial stability of the pre-streaky base ﬂow is
investigated for several frequencies around the DNS one.
2. Deﬁnition of the studied conﬁguration
In the following the coordinates x, y, and z respectively denote the streamwise, wall-normal, and spanwise directions of a ﬂat-plate geometry subject to a x-parallel free-stream velocity U∞ at Reynolds number Re = U∞ Lx /ν =
105 . As represented in Fig. 1, a roughness array is placed on the ﬂat plate, but a single roughness element will be
considered for the numerical investigations, subject to spanwise periodic boundary conditions. The ﬂow is incompressible.

Fig. 1. Sketch of the numerical domains.

1 There is no connection with the usual global instability. The instability mechanisms studied in this paper are purely convective.
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Fig. 2. Contour of a roughness element; the y-axis is stretched by a factor 5 compared to the x- and z-axes.

The roughness element is located at xR = 2.471Lx , which corresponds to Reδ1 = U∞ δ1 /ν = 855 where δ1 is
the displacement thickness of the unperturbed Blasius boundary layer. The roughness element is axisymmetric and
its contour is deﬁned by h(x, z) = h0 cos3 (πr/d), with height h0 = 0.5δ1 , radial coordinate r, and diameter d =
16.84δ1 (see Fig. 2). The corresponding roughness-height Reynolds number is Reh = 121. The spanwise extent of the
computational domain (i.e. the spacing between the roughness elements) is z = 3.75d = 63.165δ1 . The wall-normal
size of the computational domain is 10.5δ1 in the direct numerical simulations and 73δ1 in the stability analysis.
In the following study a DNS will be performed to compute the steady ﬂow in the DNS domain, and a second
DNS will compute the perturbation generated by the interaction of an unsteady two-dimensional TS-wave with the
roughness. For this, a “disturbance strip” was placed upstream of the roughness element at x = 1.79Lx where wall
normal suction and blowing was applied according to [26] with an amplitude of A = 10−4 U∞ (maximum value in
the wall-normal direction of the streamwise disturbance) and a circular frequency of ω = 7.91U∞ /Lx . The inﬂow
boundary of the integration domain is located at x = 1.385Lx . The streamwise coordinates of the beginning and the
end of the disturbance strip are x1 = 1.655Lx and x2 = 1.925Lx , respectively. The streamwise length of the disturbance strip corresponds thus to one wave length of the corresponding Tollmien–Schlichting wave (λTS = 0.27Lx ).
The computations with periodic forcing have been performed twice with identical parameters, one time for the base
ﬂow without roughness element and one time for the base ﬂow including the roughness elements. Thus, the inﬂuence
of the roughness on the growth of the Tollmien–Schlichting wave could be assessed by an analysis of the difference
between these two simulations. The linear stability of the steady DNS ﬂow with roughness elements will also be
investigated here and the results will be compared to the unsteady DNS-computed perturbation.
3. Steady ﬂow in the vicinity of a surface nonuniformity
3.1. DNS method
For the present DNS the vorticity-velocity formulation of Rist and Fasel [26] has been extended by volume-force
terms F = (Fx , Fy , Fz ) such that the three vorticity-transport equations now read as


∂Fy
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∂
∂Fz
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1 ∂ 2 ωx
∂ 2 ωx
∂ 2 ωx
+
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∂y
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∂y 2
∂z2
According to Peskin [27] such an approach allows the simulation of arbitrary body shapes on a Cartesian grid, because
the effect of the surface irregularity on the surrounding ﬂow ﬁeld is modeled with an external force ﬁeld that enforces
no-slip and no-throughﬂow at selected grid points or at selected points between the grid points at every time step. It
has already successfully been applied, for example by Goldstein et al. [28], Linnick [29] or von Terzi et al. [30]. The
force terms on the right-hand side of equation 1 are written as


x − xs ) dS,
(2)
F (
x , t) = f(
xs , t) · δ(
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where f(
xs , t) describes discrete unsteady force terms and the integration dS is performed over all discrete source
terms. For numerical reasons, the delta function is approximated by a Gaussian as follows
 
2 
2 
2 
δ ≈ exp − (x − xs )/σx − (y − ys )/σy − (z − zs )/σz ,
(3)
with σx = 2x, σy = 2y|wall , and σz = 2z. The discrete surface body forces f are determined from the relation
t

f(
xs , t) = αs ·

v(
xs , t  ) dt  + βs · v(
xs , t)

(4)

0

with negative constants αs , βs (cf. [27]). Eq. (4) represents a feedback-control scheme that drives the solution iteratively towards a desired surface velocity v(
xs , t) on the surface of the irregular boundary xs . The parameters αs and βs
should be large in order to enforce an immediate reaction of the ﬂow ﬁeld on changes of the imposed surface. However, numerical instability results if they are chosen too large. If the surface of the boundary is located between grid
points, the velocity at this location is interpolated from the values at the neighbouring grid points using a fourth-order
Lagrangian interpolation procedure.
Use of the forcing terms in Eqs. (1)–(4) is restricted to the region of the roughness element. The control parameters αs and βs were set to −500 000 and −500, respectively. With these parameters, the feedback control converged
within the time advancement of the four-step Runge–Kutta scheme, such that no extra iteration appeared necessary to
further iterate the body forces. The accuracy of the scheme was checked in a number of two- and three-dimensional
unsteady simulations where receptivity coefﬁcients were computed which turned out to be in excellent quantitative
agreement with experimental measurements by Würz et al. [31].
Because of the spectral representation of the spanwise coordinate which is incompatible with the singularities in F
a weak spectral ﬁlter had to be used in that direction to avoid spurious oscillations, as in [28], for instance. The ﬁlter
20
was implemented by multiplying the vorticity of each spectral mode k by e−(k/K) , where K is the highest spectral
mode used for discretization. A special correction procedure for the normal-to-the-wall derivatives, as suggested
in [30], was not necessary because the velocity inside the roughness was not set to zero.
The ﬂow ﬁeld is discretized using fourth-order-accurate ﬁnite differences in x and y-directions and a spectral ansatz
in z to account for periodic boundary conditions in spanwise direction and inﬂow and outﬂow conditions in streamwise
direction. The time integration of the three vorticity transport equations is done using a fourth-order, four-step Runge–
Kutta scheme. The evaluation of the nonlinear terms in Eq. (1) is performed using a pseudo-spectral scheme according
to Orszag [32]. The Poisson equation for the wall-normal velocity component v is solved with a multigrid method,
using a vectorizable, stripe-pattern successive over relaxation (SOR) line-iteration technique on each of four subgrids,
and the wall-parallel velocity components u and w are solved from ordinary equations (after discretization) [26]. Note
that its computational effort is comparable to Davies and Carpenter “new vorticity-velocity formulation” [33] because
the present method needs to compute the nonlinear terms for two vorticity transport equations only and solves only
one full Poisson equation.
At the inﬂow boundary steady Blasius boundary-layer velocity and vorticity proﬁles are prescribed and the vorticity
is set to zero at the free-stream boundary, because this boundary lies in the region of potential ﬂow. This also leads to
exponential decay for the wall-normal velocity v. Except for the small disturbance strip, where controlled ﬂuctuations
can be introduced by wall-normal periodic suction and blowing, the no-slip and no-through-ﬂow condition is applied
at the wall. Upstream of the outﬂow boundary, the unsteady vorticity is smoothly damped to the steady-state value
in a buffer domain [34]. Consequently, the unsteady velocity components also decay exponentially in the streamwise
direction and vanish at the outﬂow. More details concerning the numerical method can be found in [26].
To verify the numerical results grid reﬁnement studies in all directions have been performed. Additionally, for a
two-dimensional roughness element the DNS results were compared with experimental results obtained by M. Lang in
the laminar water channel of IAG at Universität Stuttgart. More two-dimensional results can be found in [35]. A minimum number of K = 80 spectral modes (plus their complex conjugates) were necessary to conﬁdently resolve the
narrow streamwise shear regions at the spanwise edges of the perturbation. The convergence of the results with respect
to grid reﬁnements was conﬁrmed in a run using twice as many spectral modes, but the necessary computer time to run
this simulation towards a steady state was prohibitive. Because of extremely long transients even the present coarserscale simulation results were not yet fully steady when the simulation was stopped after t = 13.6Lx /U∞ . Remaining
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Fig. 3. Streamwise velocity at y = h0 /2. As zmax = z/2 = 0.27Lx , the z-axis is stretched by a factor 2.38 compared to the x-axis.

transients of the mean ﬂow were ﬁltered using high time derivatives as described in [36]. The quasi-steady results
have then been used as base ﬂow for investigations of boundary layer receptivity with respect to two-dimensional
disturbances, either a plane acoustic wave or a Tollmien–Schlichting wave [37]. In the present paper, results of the
latter case will be presented further down in Section 7, while the quasi-steady results will be used as a base ﬂow for
all the stability calculations.
3.2. Base ﬂow used for the stability calculations
3.2.1. Presentation of the base ﬂow conﬁguration
In the following study all the variables are dimensionless. The velocity components are scaled by the free-stream
velocity U∞ . The length scale Lx in
√ the streamwise direction differs from the length scale L used for the wall-normal
and spanwise directions: Lx /L = 105 . The DNS-computed steady streamwise velocity is plotted in Figs. 3 and 5.
The other velocity components (V̄ , W ) (associated with (y, z)) are small compared to Ū (of order 10−3 ), but will not
be neglected yet. Indeed, they reach their largest values and gradients in regions where Ū is relatively small. The threedimensional structure of the ﬂow ﬁeld can be inferred from the results presented in Figs. 4 and 5. It should be noted that
these ﬁgures are stretched by, respectively, a factor 15 and 7.5 in the y direction as compared to the z direction. Fig. 4
shows the structure of the streamwise vorticity ﬁeld, which is similar to the one obtained by Joslin and Grosch [11].
A pair of counter-rotating vortices is developing on each spanwise side of the roughness. Between the vortices and the
wall there is a region of vorticity due to the outﬂow in the ±z directions. As the ﬂow evolves downstream, the vortices
lift from the wall and weaken. A close look at Fig. 4 shows that the weakening is more important for the inner vortices
than for the outer ones. It must also be noted that the present vorticity levels correspond to very weak rotation rates: a
ﬂuid particle must travel a streamwise distance of several Lx to complete a full revolution. Anyway, in the middle of
each pair of the vortices, high-speed ﬂuid from the outer region of the boundary layer is transported towards the wall,
whereas on the outer edge of the two vortices, low-speed ﬂuid from the near wall region is transported away from the
wall. The resulting effect is clearly visible in Fig. 5(b), which shows the difference between the streamwise velocity
in the case with the roughness element and in the smooth case.
3.2.2. Discussion
The present ﬂow conﬁguration can be compared to the one observed in previous studies, especially the experiments
carried out by White and Ergin [15] and by Fransson et al. [17], and the direct numerical simulations performed by
Joslin and Grosch [11]. The physical characteristics of all these studies are summarized in Table 1. In all cases,
the observed ﬂow ﬁeld is characterized by the formation of streamwise elongated velocity perturbations, and by the
presence of streamwise vortices in the near ﬁeld downstream of the roughness element. The spanwise structure of
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(a) The contours values are −4 to 4 in steps of 0.5, excluding 0.

(b) The contours values are −1.5 to 1.5 in steps of 0.25, excluding 0.

Fig. 4. Contours of ω̄x , the streamwise component of the base ﬂow vorticity, made dimensionless by U∞ and Lx . Contours with positive values of
ω̄x are solid and those with negative values are dashed. Positive ω̄x indicates counterclockwise rotation and negative clockwise.

(b) Ū (y, z) − Ū (y, zmax )

(a) Ū (y, z)

Fig. 5. Streamwise velocity at x = 3Lx . Right-hand side ﬁgure shows the difference between the case with the roughness element and the case
without roughness, which corresponds to a two-dimensional Blasius boundary layer ﬂow.

Table 1
Comparison of the physical characteristics of the studied conﬁguration with those of previous studies. δ1 is the displacement thickness of the
undisturbed boundary layer at the roughness location. h, lx and lz stand for the height, the streamwise and the spanwise extent of the roughness
element, respectively. λz is the spanwise spacing between the elements

Present study
White and Ergin [15]
Fransson et al. [17]
Joslin and Grosch [11]

Roughness shape
√
2 2
cos3 π xl +z
x
cylinder
cylinder
cos3 πl x cos3 πl z
x

z

h/δ1

lx /δ1

lz /δ1

λz /δ1

Reh

Reδ1

0.5
0.57
1.44
0.1

16.84
6.35
3.7
15.9

16.84
6.35
3.7
13

63
19
14.8
50

121
119
285
7

855
677
253
1200

the ﬂow ﬁeld seems to depend on the competition between the streamwise vortices and the wake effects. Indeed, the
vortices push high-speed ﬂuid towards the wall and lift low-speed ﬂuid on their outer sides, whereas the wake creates
a velocity defect behind the roughness element. As explained by Choudhari and Fischer [19], the spanwise extent
of the roughness element (i.e. the lz /δ1 ratio) plays a major role in determining the downstream spacing between
the streamwise vortices and, hence, their effectiveness in modifying the velocity distribution along the centerline.
Moreover, as pointed out by Fransson et al. [22], the strength of the vortices is related to the roughness height (more
precisely to the h/δ1 ratio); the shape of the latter is also an important parameter. Concerning the spanwise structure
of the vorticity ﬁeld, the linear computations by Tumin and Reshotko [13] applied to the conﬁguration of White and
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Ergin or Joslin and Grosch predict the existence of one pair of counterrotating streamwise vortices. Conversely, as
discussed in [13], the nonlinear simulations of the same conﬁgurations, performed by Fisher and Choudhari [18] and
Joslin and Grosch show a pair of two counterrotating streamwise vortices, similar to those observed in the present
study. Tumin and Reshotko explain this discrepancy by the nonlinear character of the receptivity mechanism.
In the present case, each pair of counterrotating vortices generates one high-speed and two low-speed regions,
while the wake effect creates a velocity deﬁcit along the centerline (see Fig. 5(b)). On the contrary, previous studies
presented in Table 1 show that in the near ﬁeld region there is only a velocity deﬁcit on the centerline with high-speed
ﬂuid on both sides. We believe that in the present case the spanwise distance between the vortices is so large (due to
a large lz /δ1 ratio) that the low-speed ﬂuid region created by the inner vortices cannot merge with the wake region,
as happens in the other conﬁgurations. This effect could also be increased by the fact that the shape of the roughness
element is quite ﬂat in the present conﬁguration.
Further downstream, experiments by White and Ergin [15] and by Fransson et al. [17] show that the ﬂow structure
evolves gradually into a classical streaky structure, i.e. into a spanwise sinusoidal modulation of the boundary layer.
This evolution is strongly inﬂuenced by the proximity of the ﬂow structures induced by other roughness elements,
as clearly shown by Fig. 4 in [17]. The distance after which this process is over and where the streaks become fully
established seems to depend strongly on the conﬁguration parameters. In the present conﬁguration, as well as in Joslin
and Grosch’s one, this process is not observable before a streamwise distance to the roughness location of about 100δ1 ,
which is beyond the end of the present computational domain.
In the following sections, the ﬂow (Ū , V̄ , W ) presented above will be used as the base ﬂow for the stability calculations. This ﬂow will be denoted as the steady “pre-streaky” ﬂow. Indeed, as explained previously, the region studied
in the present work consists of the near to intermediate wake region, in which the spanwise ﬂow structure is still rather
complicated. Further downstream, the streamwise vortices shown in Fig. 4 will decay and the pre-streaky structures
will interact with that created by other elements, leading to fully established streaky ﬂow.
4. Formulation of the biglobal linear stability analysis
4.1. Governing equations
The stability analysis of the pre-streaky ﬂow, which will from now on be called the base ﬂow, is performed under
the standard simplifying approximation of a “parallel ﬂow”, i.e. it is assumed to evolve slowly in the streamwise direction. It is therefore justiﬁed to analyze the local stability of the pre-streaky ﬂow by considering, at each streamwise
location X, the parallel ﬂow obtained by “freezing” the local velocity proﬁles (Ū (X, y, z), V̄ (X, y, z), W (X, y, z))
and neglecting their streamwise gradients. In this context, X must be considered as a parameter and not as the current
streamwise coordinate x. Some small perturbation velocity components (û, v̂, ŵ) and pressure p̂ are superimposed to
the base ﬂow, and we then proceed to linearize the incompressible Navier–Stokes equations about the base ﬂow. The
linearized equations read:
⎧
ûx + v̂y + ŵz = 0,
⎪
⎪
⎨ û + Ū û + Ū v̂ + Ū ŵ + V̄ û + W û + p̂ = 1 ∇ 2 û,
t
x
y
z
y
z
x
R
(5)
1 2
v̂
+
Ū
v̂
+
V̄
v̂
+
V̄
ŵ
+
V̄
v̂
+
W
v̂
+
p̂
=
⎪
t
x
y
z
y
z
y
⎪
R ∇ v̂,
⎩
ŵt + Ū ŵx + W y v̂ + W z ŵ + V̄ ŵy + W ŵz + p̂z = R1 ∇ 2 ŵ
where ∇ 2 stands for the Cartesian Laplacian, q̂a = ∂ q̂/∂a and R is the Reynolds number based on the length scale L.
Indeed, it has to be pointed out that the current streamwise coordinate x and the associated derivatives are rescaled
with L, whereas the frozen parameter X is rescaled with Lx . The velocities are, as for the DNS, scaled by the freestream velocity.
As the base ﬂow is steady and frozen in the streamwise direction, solutions of (5) can be sought in the form of
normal modes:
q̂(x, y, z, t) = q(y, z) exp i(αx − ωt)

(6)
√
where q stands for any perturbation ﬁeld, α is the streamwise wavenumber, ω is the circular frequency and i = −1.
Both α and ω can be complex numbers, depending on the type of stability which is studied: if α is complex, it is a
spatial stability, while if ω is complex, it is a temporal stability. When introducing the form (6) into the system (5),
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a second-order partial differential equation (PDE) in y and z is obtained, whose coefﬁcients depend on the base ﬂow,
on α and ω, and on the Reynolds number R:
L{Ū , V̄ , W , α, ω, R}(u, v, w, p) = 0.

(7)

This equation can be recast in a standard generalized eigenvalue problem:
• either
AQ = ωBQ

(8)

with ω the complex eigenvalue and Q = [u, v, w, p] the eigenfunction vector
• or
A Q = αB  Q

(9)

with α the complex eigenvalue and Q = [Q, αQ] the eigenfunction vector, Q still standing for [u, v, w, p].
We shall consider the perturbations with a spanwise period coinciding with the period of the base ﬂow. It is not a
common case, but only such disturbances are generated when 2D TS wave interacts with the roughness. For this case,
Eq. (7) has some symmetry properties which lead to a reduction of the problem. Indeed Ū and V̄ are symmetric about
z = 0, while W is antisymmetric. A mathematical analysis shows that if all eigenvalues are simple eigenvalues, the
eigenfunctions have necessarily either an odd or an even z-symmetry. More precisely, two combinations are possible:
• u, v, p are symmetric about z = 0 and w is antisymmetric; in the following sections, this case will be named as
the “even v” case (in the literature these eigenmodes are often called “varicose”);
• u, v, p are antisymmetric about z = 0 and w is symmetric; in the following sections, this case will be named as
the “odd v” case (these modes are usually called “sinuous”);
The size of system (7) can then be reduced by considering only half of the spanwise domain, for instance
z ∈ [0, zmax ], and by using the previous symmetry properties.
Homogeneous Dirichlet boundary conditions on u, v and w are enforced at the plate (y = 0) and in the free stream.
For the pressure a homogeneous Dirichlet condition is used in the free stream and a compatibility condition at the
wall. In the spanwise direction, a combination of periodicity and parity conditions are used. Therefore homogeneous
boundary conditions hold at z = 0 and z = zmax for w, uz , vz and pz in the “even v” case, and for u, v, p and wz in
the “odd v” case.
4.2. Numerical procedure
The problem presented in the previous section is called a biglobal stability analysis, because no speciﬁc assumption is made on the (y, z)-mathematical dependence of the perturbations. System (7) is discretized in each direction
with Chebyshev expansions evaluated at the Gauss–Lobatto collocation points [38]. The z-domain is split into two
subdomains, and mapped through homothetic transformations to [0, Lc ] and [Lc , Lz ], in order to get a reﬁned grid in
the region of the streaks. Ny points are used in the wall-normal direction, Nz points in the spanwise direction. The
DNS base ﬂow and the associated spatial gradients are interpolated on the stability grid.
The PDE written as the temporal eigenvalue problem (8) corresponds thus to a matrix which is 4 · Ny · Nz large,
whereas in the case of the spatial eigenvalue problem (9), the matrix is twice as large. Because of memory size
limitations of our available computing system, only the temporal eigenvalue problem can be solved; this is done with
an Arnoldi method. For a ﬁxed real value of α, complex eigenvalues ω and the associated eigenvectors are computed.
As shown in Fig. 6, the results are considered converged for (Ny , Nz ) = (41, 60), at least for the most ampliﬁed
modes. This number of points will be used in all the following computations. In Fig. 6 four modes are represented:
two of them are temporally unstable (ωi > 0), another one is marginally stable (ωi ≈ 0), the last one is stable.
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Fig. 6. Temporal eigenvalues for X = 3 and α = 7.03 × 10−2 . “Even v” case. The values of Ny × Nz are given in the legend.

5. From biglobal to local stability analysis
To understand what represent the results obtained by the biglobal stability analysis, and why this method is useful
for the studied problem, let us consider some usual local stability methods.
In the following section, all the computations will be performed for a ﬁxed streamwise position X = 3.
5.1. Floquet theory
As the base ﬂow is z-periodic, Floquet theory can be used. This is the method used by Cossu and Brandt [20] for
their stability study on the optimal streaks. In their case the base ﬂow was thus not only periodic in the spanwise
direction, but also sinusoidal in this direction. Following the Floquet theory, the perturbation admits the following
expansion:
q(y, z) = q0 (y, z)eiγβz = eiγβz

m


qk (y)eikβz

(10)

k=−m

where the amplitude q0 has the same spanwise periodicity as the base ﬂow, γ is the detuning parameter deﬁned in the
range |γ |  1/2 and β = π/zmax is the spanwise wavenumber corresponding to the base ﬂow periodicity. A similar
Fourier decomposition is used for the base ﬂow, which is then substituted, as well as (10), in (7). By collecting terms
with like powers of eikβz , the PDE reduces to a set of ordinary differential equations. Unfortunately, as the base ﬂow
evolves very strongly in the spanwise direction (contrary to what happens in the case of an optimal streak), about
50 terms are needed to get a correct Fourier decomposition. Moreover, as the biglobal stability results show that the
z-evolution of the perturbations presents sharp peaks, a very high number of terms will also be needed in (10) to
obtain converged results. Finally, the size of the matrix obtained after discretization of the set of ordinary differential
equations will be prohibitive for numerical calculations, even if this matrix is sparse. The Floquet method is therefore
unusable on this problem, and does not provide any improvement with respect to the biglobal analysis.
5.2. Small perturbation method
The base ﬂow is obtained by a DNS computation of the ﬂow developing over a ﬂat plate with a surface roughness
element. We can consider that this roughness induces a modiﬁcation of the classical ﬂat plate boundary layer ﬂow,
and we can try to solve the stability problem with a perturbation method.
5.2.1. Flat plate parallel base ﬂow
First of all, we apply the biglobal stability on a simpliﬁed form of the base ﬂow, which is the simpliﬁed ﬂow
calculated at z = zmax :


Q̄0 = Ū0 (y) = Ū (y, zmax ); V̄0 = 0; W 0 = 0 .
(11)
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Fig. 7. Temporal eigenvalues computed by the biglobal and Orr–Sommerfeld approaches for the parallel base ﬂow case Q̄0 . Both results are
perfectly superposed. α = 7.03 × 10−2 and X = 3. “Even v” case.

(a) Biglobal stability result for the real part of the v
eigenfunction.

(b) Biglobal (Bi) and Orr–Sommerfeld (OS) results for the
wall-normal evolution of the eigenfunctions. Case n = 0.

Fig. 8. Spatial evolution of the eigenfunctions for the parallel base ﬂow case. α = 7.03 × 10−2 and X = 3. “Even v” case. (a): spanwise evolution;
(b): wall-normal evolution.

This velocity ﬁeld is very similar to the boundary layer ﬂow on a z-inﬁnite ﬂat plate without nonuniformities. As this
base ﬂow is invariant in the spanwise direction, the perturbations can now be sought as normal modes q(y) exp(inβz),
where n is an integer. Here β still represents π/zmax , since the studied physical conﬁguration requires a 2zmax spanwise periodicity. With these hypotheses, system (7) can be reduced to the classical Orr–Sommerfeld equation,
which is solved for each integer value n. The computed perturbations are the famous Tollmien–Schlichting (TS)
waves. The stability analysis of the base ﬂow Q̄0 is thus easily solved by the Orr–Sommerfeld approach.
It is however interesting to study the stability of the parallel base ﬂow Q̄0 by means of the biglobal approach,
with which no speciﬁc assumptions on the z or y-dependence of the perturbations are done. This will be a way to
validate the biglobal code. The results are shown in Figs. 7 and 8, for the case “even v”. Fig. 7 shows that distinct
eigenvalues are obtained. When looking at the associated eigenfunctions, for instance v as plotted in Fig. 8(a), we
observe that the eigenfunctions evolve as cos(nβz), as expected. Moreover, the calculated values of ω (see Fig. 7), as
well as the y-evolution of the perturbations (see Fig. 8(b)), are the same as the ones predicted by the Orr–Sommerfeld
computation. Hence the biglobal stability code provides correct results.
5.2.2. Roughness impact on stability
Fig. 7 shows results which are similar but different to the eigenvalues plotted in Fig. 6. To investigate the link
between the parallel and the pre-streaky case, a small perturbation method is used. For this, the base ﬂow presented in
Section 3.2 is interpreted as the superposition of a roughness-induced steady ﬂow Q̄1 on the parallel ﬂow Q̄0 given in
Eq. (11):
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(b)

Fig. 9. Eigenvalues computed by the biglobal stability method for various ε values. α = 7.03 × 10−2 − 1.45 × 10−3 i and X = 3. “Even v” case.

⎧
⎨ Ū (y, z) = Ū0 (y) + Ū1 (y, z),
V̄ (y, z) = 0 + V̄1 (y, z),
⎩
W (y, z) = 0 + W 1 (y, z).

(12)

In practice Q̄1 is thus given by Q̄1 (y, z) = Q̄DNS (y, z) − Q̄0 (y). A similar decomposition is applied on the eigenvalue
and on the eigenfunction vector: ω = ω0 + ω1 and Q = Q0 + Q1 . All the variables with a “1” subscript are assumed
to be small compared to the ones with a “0” subscript. The validity of this assumption will be checked afterwards.
Substituting this decomposition into 7 and separating the leading and second order terms yields two PDE:
• L0 (Q̄0 , α, ω0 )Q0 = 0, which can be reduced to the Orr–Sommerfeld equation. Indeed, because of the spanwise
invariance of Q̄0 , a modal form in z can be used for Q0 , and the ∂/∂z terms in L0 leads to a multiplication by
inβ. An ODE is therefore obtained, and the computation of ω0 and Q0 is very easy.
• L0 (Q̄0 , α, ω0 )Q1 = L1 (Q̄1 , α, ω1 )Q0 , which cannot be reduced to an ODE. However, thanks to the Fredholm
alternative, ω1 can be quite easily computed; the computation of Q1 is much more complicated.
This approach is justiﬁed if the roughness-induced base ﬂow is small compared to the parallel base ﬂow. If not, the
separation between the leading and second orders is not allowed. To check the validity of the assumption, we have
introduced an artiﬁcial multiplying coefﬁcient into the base ﬂow decomposition: Q̄(y, z) = Q̄0 (y) + ε Q̄1 (y, z). For
ε = 0, the base ﬂow is parallel, for ε = 1, the base ﬂow is the one presented in Section 3.2. Therefore ε quantiﬁes
the inﬂuence of the roughness on the base ﬂow, keeping in mind that only ε = 0 and ε = 1 correspond to physically
admissible solutions. Biglobal stability analysis have been performed for various values of ε. Some eigenvalues are
plotted in Fig. 9. The legend is the same for both subﬁgures. The eigenmodes are named according to the n value
which deﬁnes them in the parallel case: βn is the mode which evolves as exp(inβz) in the parallel case. Fig. 9(a)
corresponds to β0 , Fig. 9(b) to β1 .
Fig. 9 shows that, whatever the mode, ω depends linearly on ε as long as ε  0.1 (as shown by the dashed line).
The gradient is roughly equal to the ω1 value computed by the Fredholm alternative [39]. A straight line has been
plotted on the ﬁgures to visualize this dependence. Linear regressions have been performed for different modes, and
give very good correlation coefﬁcients (always above 0.9999). The “small perturbation” assumption is false as soon
as ε > 0.1 and especially for ε = 1.
Fig. 10 shows the ε-evolution of the eigenfunctions associated to the β0 and β1 modes. All eigenfunctions have
been normalized to their values at z = zmax . The growing inﬂuence of the roughness (located at z = 0) is clearly
visible. On the same ﬁgure is plotted the steady base ﬂow streamwise velocity. As expected, the strong z-evolution of
the stability modes occurs at the location of high spanwise gradients of the base ﬂow.
The results presented so far conﬁrm that the roughness has a perturbative effect on the base ﬂow stability, but
that this effect cannot be predicted by the small perturbation method for the considered ﬂow, the roughness inﬂuence
on the base ﬂow being already too strong. Nevertheless, the approach used in this section enables us to understand
that the obtained eigenmodes are a sort of “continuation” of the two-dimensional (i.e. parallel) TS-waves into three
dimensional pre-streaky TS-waves (in a similar way of what is shown in Cossu and Brandt [20] and Ustinov [40]). As
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(a) stability modes for various ε values

(b) stability modes for ε = 1 and Ū /U∞

Fig. 10. Variation of ε (left-hand side ﬁgures) and comparison with the base ﬂow (right-hand side ﬁgures). Biglobal stability results obtained for
α = 7.03 × 10−2 − 1.45 × 10−3 i and X = 3. “Even v” case.

a consequence it has been possible to label the modes thanks to the spanwise wavenumber coefﬁcient n obtained for
ε = 0.
6. Streamwise evolution of the perturbations
In the following section the biglobal analysis will be performed on the steady DNS pre-streaky ﬂow (i.e. that
corresponding to ε = 1).
6.1. Newton–Raphson method
As explained in Section 4, the spatial eigenvalue problem formulation (9) has not be solved by Arnoldi’s method
because the associated matrix is too large. However in the DNS simulation with a TS-wave, the obtained disturbances
were oscillating at a ﬁxed real circular frequency, and it has been observed that they were developing in the streamwise
direction. In order to compare the stability results with the DNS results, it is thus necessary to solve the stability
problem for a ﬁxed real value ω and a complex wavenumber α.
This can be done by using a Newton–Raphson method applied to the PDE (7). The boundary conditions are the
same as in Section 4, except at the plate, where for the “even v” case, the boundary condition v = 0 is replaced by the
2 ) = 0, while for the “odd v” case it is w = 0 which is replaced by the relation
relation v(y = 0, z) − v(0, 0)(1 − z2 /zmax
2
2
w(y = 0, z) − w(0, 0)(1 − z /zmax ) = 0. The (system + boundary conditions) is discretized as explained in Section 4.
A dishomogenization relation at the (y = 0, z = 0) point is then enforced, and the Newton–Raphson iteration process
is performed from a guess value of α until the convergence criterion v(0, 0) = 0 (or w(0, 0) = 0, depending on the
parity case) is reached. With this method, we can compute the value of α and the associated eigenfunctions for a ﬁxed
value of ω and X, and this for each βn mode deﬁned previously.
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(a)

(b)

(c)

Fig. 11. Streamwise evolution of α and of the amplitude A(X, 2.6), for ω = 0.025 and for two modes. Dashed lines correspond to the parallel base
ﬂow, straight lines to the actual DNS base ﬂow.

6.2. Numerical results
The Newton–Raphson method has been applied successfully for both “even v” and “odd v” cases, but we will now
present only results for the “even v” case, since it is the only case in which DNS-computed perturbations have been
computed. These perturbations are generated by the interaction of a 2D TS-wave with the roughness elements. As
explained in Section 2, the TS-wave amplitude is ﬁxed so that the maximum value in y of the streamwise velocity
component equals 10−4 U∞ and the TS-wave circular frequency is ω = 7.91U∞ /Lx = 0.025U∞ /L [37]. This frequency has been chosen so that the roughness streamwise position (which corresponds here to Reδ1 = 855) is close to
the ﬁrst branch of the neutral stability curve (for two-dimensional perturbations).
Fig. 11 shows the streamwise evolution of the real and imaginary parts of α, for the β0 and β1 modes. This ﬁgure
shows also the amplitude of the modes, which is deﬁned as the integrated ampliﬁcation between a given location X0
and a location X:
 X

A(X, X0 ) = exp −

αi (ξ ) dξ .

(13)

X0

The X values are scaled with Lx , and are thus the same as the ones plotted in Fig. 3. The streamwise wavenumbers
and amplitudes computed for the parallel case are plotted as dash-dotted lines. We can observe that the real part
of α (which is related to the instability wave phase speed) does not change signiﬁcantly between the parallel and
the pre-streaky case. On the contrary, the modes ampliﬁcation is dissimilar: the pre-streaky modes reach much lower
amplitudes than the parallel ones, showing a stabilizing effect of the pre-streaky structures. Whereas in the parallel
case both modes are amplifying with X (αi < 0), and the most unstable mode is β0 , in the pre-streaky base ﬂow case
the most unstable mode is β1 . The β0 mode is damped, except for X  2.65, but this prediction must be considered
carefully. Indeed, these streamwise locations are in the close vicinity of the roughness, in a region where the base
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Fig. 12. Streamwise evolution of α and of the amplitude A(X, 2.65), for ω = 0.025 and for the ﬁrst ﬁve modes.

ﬂow may evolve quickly in X, which would invalidate the parallel assumption of “frozen in X” ﬂow. Using a form in
exp(iαx) for the perturbations could then be inadequate.
The streamwise evolution has also been computed for other modes, up to the β4 mode. Higher modes computation
requires a very ﬁne discretization in the z direction, which has not been possible. Fig. 12 shows that for each mode
the phase speed (proportional to 1/αr ) is almost constant with X, but that various modes have distinct phase speed
values. Only the β1 mode is amplifying with X, the other modes are almost always damped.
In practice, the receptivity process converts the forcing TS-wave into all the eigenmodes. However, far from the
receptivity region, only the most ampliﬁed mode (associated to the lowest negative value of αi ) can be physically
observed, since its resulting amplitude is much higher than the amplitudes of the other modes. In the present study,
this should imply that the physical perturbation (which is the one reproduced in the DNS computations) is the β1
mode. However, this is not the case, the β1 eigenfunction being very different from the DNS-computed ﬂuctuation.
But since, as shown in Fig. 12, the αi values are actually weak for all βn modes, and since the studied X interval is
small, the selection process of the most ampliﬁed mode may not have the time to be completely effective : the highest
ampliﬁcation ratio reached by the β1 mode is only equal to 1.3. Therefore, the physical ﬂuctuation should still be a
linear combination of all the eigenmodes. This hypothesis will be checked in the next section.
7. Comparison between DNS-computed perturbation and biglobal eigenfunctions
7.1. The combination process
The DNS-computed perturbation is supposed to be a linear combination of all the βn modes. The linear combination
thus reads as:
 x


Cn qn (X, y, z) exp i αn dξ
(14)
qDNS (X, y, z) =
n

x0
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where q stands for the velocity perturbation [u, v, w] and the Cn are complex coefﬁcients. It must be noted that the
streamwise location x is here scaled with L, the length scale
√ also used in the y and z directions, in contrast to the
‘frozen’ streamwise location X, which is scaled by Lx = L 105 .
The Cn coefﬁcients are calculated at the streamwise location X0 = 3 by using a least squares method, which
minimizes the discrepancy between the DNS perturbation and the biglobal combination for all mesh points in the
crossplane (y, z). First of all, the biglobal eigenfunctions qn are normalized to their spatial maxima. Then, the Cn
coefﬁcients are the solution in the least squares sense to the system of equations:

2Ny × Nz

N +1

v0



...
w0

1
  
 ⎡ C0 ⎤ 
⎣ ... ⎦ = vDNS
2Ny × Nz .
wDNS
wN
CN

vN

(15)

In the present case, N = 4: only the β0 to β4 modes are taken into account in the combination. We have thus 5
unknown coefﬁcients for 2Ny × Nz relations. Next, the biglobal combination, denoted as qbig , is deﬁned by:
qbig (X0 = 3, y, z) =

N


Cn qn (X0 , y, z).

(16)

n=0

Finally, the biglobal combination is obtained at all the streamwise locations:
 x

N

qbig (X, y, z) =
Cn qn (X, y, z) exp i αn dξ
n=0

(17)

x0

where x0 = X0 · L/Lx = 3L/Lx . As the combination process is performed with complex values, it must be noted that
both the perturbation amplitude and phase are taken into account.
The whole process of comparison between the DNS and the stability results can be summarized as follows:
• the biglobal stability analysis is applied on the DNS steady base ﬂow to compute the βn modes;
• at each X location, each mode is normalized so that the complex streamwise velocity component is equal to unity
at the spatial location (y, z) where its amplitude is maximal;
• a least squares method is performed at X = 3 to compute the Cn coefﬁcients;
• the ﬁnal biglobal combination solution is computed at all X locations using relation (17).
7.2. Results
In the present case, the values of the Cn coefﬁcients are:
⎡ ⎤ ⎡
⎤
C0
−44.15 + 28.93i
⎢ C1 ⎥ ⎢ 10.67 − 16.17i ⎥
⎢ ⎥ ⎢
⎥
⎢ C2 ⎥ = ⎢ −3.34 − 1.55i ⎥ × 10−4 .
⎣ ⎦ ⎣
⎦
C3
−1.72 − 1.46i
C4
35.87 + 8.15i
We can see that the coefﬁcients values are decreasing with the n value, except for the C4 coefﬁcient. The latter is
strong because it takes into account all the effects of the modal truncation.
Fig. 13 shows the comparison between qDNS (X = 3, y, z) and qbig (X = 3, y, z). The left column corresponds to the
real part of the perturbation velocities, the right column to the imaginary part. In this section, only the perturbations of
the “even v” case have been computed. Therefore u and v are symmetric about z = 0, while w is antisymmetric. Each
subﬁgure of Fig. 13 thus compares qDNS for z  0 with qbig for z  0, except for the row corresponding to w, where
wDNS is compared to −wbig . The agreement is excellent, especially for the v and w components. The differences
observed on the u component may be due to some residual acoustics in the DNS computation. That is why only
the v and w components of the velocity have been used to compute the Cn coefﬁcients, as shown in Eq. (15). This
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Fig. 13. Comparison between the DNS-computed perturbation (left-hand part of each ﬁgure, i.e. z  0) and the perturbation obtained by the
combination of the biglobal modes (right-hand part of each ﬁgure, i.e. z  0). The streamwise location is X = 3. It has to be pointed out that the
amplitude levels differ between the ﬁgures. As w is an odd function in z, the negative value of Re(w) and Im(w) has been plotted for the biglobal
modes combination.

is the choice which gives the best agreement. We can also see on Fig. 13 that the v velocity component reaches
further out from the plate compared to the two others components. Finally, apart from the slight disagreement on the
u component, this result shows that the DNS perturbations are a combination of the base ﬂow eigenfunctions. Indeed,
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Fig. 14. Streamwise evolution of the DNS-computed perturbation (bottom part of each ﬁgure, i.e. z  0) and of the perturbation obtained by the
combination of the biglobal modes (top part of each ﬁgure, i.e. z  0). The levels values are −5 × 10−3 to 5 × 10−3 in steps of 10−3 for the ucomponent, −5 × 10−4 to 5 × 10−4 in steps of 10−4 for the v-component and −1 × 10−3 to 1 × 10−3 in steps of 2 × 10−4 for the w-component.
As w is an odd function in z, the negative value of Re(w) and Im(w) has been plotted for the biglobal modes combination.

even with only a few modes in the combination, the spatial evolution (y, z) and the respective amplitude of the various
velocity components are correctly predicted.
As explained in Section 7.1, the biglobal combination has also been computed for other streamwise locations. As
shown by Eq. (17), this has been done without recomputing the Cn coefﬁcients, but by directly multiplying them by
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the exponential term associated to each mode. Results are shown in Fig. 14, in a presentation similar to the one used for
Fig. 13, except that (X, z) planes are plotted rather than (y, z) planes. The chosen y values roughly correspond to the
wall-normal locations of the maximum of each velocity component. That is why the y value for the v plots is twice as
large as the one for the other plots. The results are once again very satisfactory, especially for the v and w components.
The streamwise wave length is correctly predicted by the biglobal combination, and is between 0.25Lx and 0.28Lx .
Fig. 12 gives a streamwise wave length of the β0 mode of λ0 ≈ 0.27Lx while for the β1 mode λ1 ≈ 0.28Lx . The
higher modes have larger wavelengths. The biglobal combination wavelength does not then follow a speciﬁc mode’s
wavelength, but evolves as the DNS one. We can also see in Fig. 13 that the biglobal combination reproduces very
well the complicated spatial evolution in the cross sections. However, the comparison is less good for X < 2.85 and
X > 3.3. This is probably due to two different reasons: for X < 2.85, the parallel “frozen X” assumption, which
implies the choice of a normal mode form in the streamwise direction, may be questionable, because of the closeness
of the roughness location (XR = 2.471). Apart from this, the combination process applied at X < 2.85 locations
shows that the Cn coefﬁcients change with X and that the obtained combination does not compare well with the DNS
perturbation. Thus, either the eigenmodes are not a solution of the stability problem in this region or their respective
amplitudes are not yet established. In this region, the DNS perturbation is certainly a more realistic representation than
the biglobal one. On the contrary, for X > 3.3, the DNS solution is not completely converged, which could explain
the differences to the biglobal solution.
8. Investigation of other frequencies
The results presented in the previous sections have been obtained for the frequency ω = 0.025, which corresponds
2 . As explained before, at the roughness
to F = 79 when the frequency is made dimensionless with 106 2πν/U∞
location this frequency is near the lower branch of the neutral curve for the TS waves in the Blasius ﬂow. In order
to investigate the inﬂuence of the frequency on the stabilizing effect observed in 6 for ω = 0.025, biglobal stability
computations have been performed for other frequencies, from ω = 0.01 to ω = 0.04 (which is near the upper branch
of the neutral curve). The results are presented in Fig. 15. The streamwise evolution of the amplitude A(X, 2.8) (as
deﬁned in Eq. (13)) is plotted for the varicose β0 and β1 modes and for the sinuous β1 mode. The varicose modes
correspond to the “even v” case and the sinuous ones to the “odd v” case (see Section 4). The amplitudes obtained
when the base ﬂow is the pre-streaky ﬂow are compared to those obtained in the Blasius ﬂow case. The pre-streaky
amplitudes are lower than the Blasius ones, whatever the considered modes or frequencies. The stabilizing effect is
more important for the β0 varicose and β1 sinuous modes than for the β1 varicose mode. Finally, the latter is the most
ampliﬁed one in the pre-streaky case. This has already been observed for ω = 0.025 in Section 6, and thus is still
true for other frequencies. The sinuous mode, which has not been considered in the previous sections, undergoes an
ampliﬁcation very similar to the one of the β0 varicose mode, whatever the base ﬂow.
A close look at Fig. 15 shows that the higher the frequency, the stronger the stabilization. This effect is shown more
clearly by Fig. 16. The values of αi (i.e. the opposite of the spatial growth rate) for the β0 varicose mode are plotted
versus ω and X. In the Blasius case, for most of the plotted frequencies the mode is unstable, whereas in the prestreaky case the mode is stable for all the frequencies. Moreover, the pre-streaky mode is much more stabilized for the
highest frequencies than for the lowest ones. This could be related to the streamwise wavelength of the mode, which
decreases with the frequency. Indeed, the phase speed of the β0 varicose mode is between 0.28U∞ for ω = 0.01 and
0.38U∞ for ω = 0.04. As shown previously in Section 6 for ω = 0.025, this phase speed is almost constant with X.
The streamwise wavelength of the mode is thus 0.56Lx for ω = 0.01 and 0.19Lx for ω = 0.04. This could explain
why the low-frequency modes are less sensitive to the presence of the pre-streaky distortions of the base ﬂow. It must
be pointed out that the phase speed is almost the same in the pre-streaky and Blasius ﬂow cases, and that it is also true
for the other modes. The phase speed of the β1 varicose as well as the β1 sinuous mode is about 0.36U∞ .
All these results show that the stabilizing effect of the pre-streaky structure observed in the previous sections for
ω = 0.025 can also be observed for other frequencies. Moreover the stabilization increases with the frequency. Finally,
ω = 0.025 is very close to the frequency for which the pre-streaky modes are the more ampliﬁed or the less damped.
9. Conclusions
The results of the present study can be summarized brieﬂy in the following way. The steady pre-streaky ﬂow generated by a roughness array placed in a Blasius boundary layer has been computed by a Direct Numerical Simulation.
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(a) β0 varicose mode; Pre-streaky ﬂow

(b) β0 varicose mode; Blasius ﬂow

(c) β1 varicose mode; Pre-streaky ﬂow

(d) β1 varicose mode; Blasius ﬂow

(e) β1 sinuous mode; Pre-streaky ﬂow

(f) β1 sinuous mode; Blasius ﬂow
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Fig. 15. Streamwise evolution of the amplitude A(X, 2.8) for different frequencies. The right-hand side ﬁgures correspond to the stability modes
of the Blasius ﬂow, the left-hand side ﬁgures to the stability modes of the pre-streaky ﬂow.

This ﬂow has been used as a base ﬂow for a biglobal linear stability study performed at each streamwise location. The
stability analysis has shown that the eigenmodes of the pre-streaky ﬂow are a continuation of the TS-waves associated
with the unperturbed Blasius boundary layer ﬂow. In particular their spanwise shape, which is sinusoidal for the Blasius TS-waves, shows strong peaks in the region of the roughness-induced streamwise vortices. We have not found
any modes which would be intrinsic to the pre-streaky ﬂow, i.e. which would not derive from a Blasius TS-wave.
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Fig. 16. Imaginary part of α versus the frequency and the streamwise location, for the β0 varicose mode. Stability analysis performed on the
pre-streaky ﬂow and on the Blasius ﬂow.

A spatial stability analysis has been performed for the frequency ω = 0.025U∞ /L, which corresponds to the lower
branch of the Blasius neutral curve at the roughness location. This analysis has shown that the pre-streaky eigenmodes
have the same streamwise wavelengths as the associated Blasius TS-waves, but smaller growth rates. There is thus
a stabilizing effect of the steady roughness-induced vortices, in a similar way of what can be observed with steady
streaks. Biglobal stability computations have also been performed for some other frequencies, up to the upper branch
of the Blasius neutral curve. Whatever the frequency, the pre-streaky eigenmodes are much less ampliﬁed than the
associated Blasius TS-waves. The stabilization process is more effective for the highest frequencies, which correspond
to eigenmodes with the lowest streamwise wavelengths. The frequency ω = 0.025U∞ /L is ﬁnally close to the one for
which the eigenmodes are the most ampliﬁed.
A second Direct Numerical Simulation has been carried out, in which a two-dimensional TS-wave with frequency
ω = 0.025U∞ /L interacts with the roughness array and generates a highly oblique wave train downstream of the
roughness elements. A least squares method has been used to ﬁnd the linear combination of the pre-streaky eigenmodes which ﬁts at best the DNS computed perturbation at a ﬁxed streamwise location. The obtained coefﬁcients
are then used at the other streamwise positions, with a very good agreement except very close to the roughness
element. This result gives us an explanation of what happens in the Direct Numerical Simulation. The incoming twodimensional TS-wave interacts with the roughness elements; downstream, the scattering of the wave by the spanwise
varying base ﬂow generates the streaky eigenmodes. In the close vicinity of the roughness, the observable perturbation is not a linear combination of the eigenmodes, since either the generation process is not over or/and the parallel
ﬂow assumption used for computing the eigenmodes is not justiﬁed. Further downstream, the amplitudes of the eigenmodes evolve as foreseen by the normal mode stability theory. The linear combination of the pre-streaky eigenmodes
reproduces the wave train evolution.
The combined use of the Direct Numerical Simulations and of the biglobal stability theory is thus useful to
understand the physics of the pre-streaky ﬂow. The receptivity process considered here as the interaction of a twodimensional TS-wave with a roughness array ends very rapidly downstream of the roughness element. The generated
instabilities are then clearly established. These phenomena occur in a region where the base ﬂow can still be seen as
a pre-streaky ﬂow, the latter being a transient structure upstream of the usual streaky ﬂow.
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